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Abstract

CQL3D is a general purpose computer code for modeling auyileating in toka-
maks. It calculates the radial distribution of 2D in momenispace bounce-aver-
aged, ion and electron distribution functions in toroidebmetry, consistent with
deposition of rf and/or neutral beam injected power and fusiife radial transport
model. This calculation is carried out with an array of boesaweraged Fokker-Planck
(FP) solvers running on noncircular magnetic flux surfag@gng the steady-state,
toroidally-averaged distribution resulting from a balaretween collisions, dc elec-
tric field, rf quasilinear diffusion, synchrotron radiationeutral beam injection, and
radial diffusion. CQL3D is coupled to ray-tracing codes ébectron cyclotron, lower
hybrid, and fast waves, to a neutral beam deposition coditcea noncircular equilib-
rium code. We describe the code, providing expressions attdadology for calcula-
tion of the FP coefficients from each of the constituent psees, and give benchmark
applications in order to validate the major components efcibde.



Chapter 1

INTRODUCTION

A complete Fokker-Planck (FP) treatment of rf or neutralrbdeeating in tokamaks
on time scales longer than the collisional tintg,) generally requires solution of an
equation which is at least two dimensions in momentumAigispace and two dimen-
sions in configuration space. That is, we assume the disisibfunctions of electrons
and ions are independent of azimuthal velocity angle atbmuambient magnetic field
and of spatial toroidal angle in the symmetry direction & tbkamak, in accord with
the usual situationy; * < T, Whereax is the gyrofrequency of the particles, and the
time for achieving toroidal equilibrium on a flux surface st compared ta, or
the transport time.

An associated further reduction in dimensionality occarsases where the bounce/
transit time of the particles,,, is short compared to the collision ting, < 1.;. The
present generation of larger tokamak experimental dewfteaoperate with most of
the plasma in this low-collisionality “banana” regime. Mower it isusuallythe case
that the non-Maxwellian particles generated by auxiliaggting and current drive are
in the low-collisionality regime. In such cases, a “boumserage” over the bounce
or toroidal transit motion of the particle is appropriagducing the FP equation to be
essentially three-dimensional since the particle distidms as a function of poloidal
angle become constant when expressed as a function of tiie@ardéss constants of
motion. We take the resulting three variables to be the ntadeu of the momentum-
per-rest-mass, the pitch andlg measured from the magnetic field direction and eval-
uated at the minimum magnetic field position on a flux surfaoe,a radial coordinate
p. These coordinates are independent variables for the-thneensional bounce-aver-
aged FP code CQL3D (isional Quasilinear 3D which is the focus of this paper.
Our purpose in this paper is to describe the code in detailtanalidate it through
several important benchmark applications in tokamak péssm

The CQL3D code, which had its genesis in the CQL code [1], istssf a 2 D-in-
momentum-space, multi-species, relativistic, bounaayed, collisional/quasilinear
FP equation solver running on a radial array of non-circfilar surfaces, in tandem
with rf ray-tracing and/or neutral beam deposition packaggources in the FP equa-
tion resulting from the auxiliary heating systems, and amnitant self-consistent non-
Maxwellian distortion of the distribution functions, arbtained. Radial transport is



accounted for by inclusion of radial diffusion and partipieach operators. Thus, the
code provides for transport of the full distribution furmets. In comparison with the
present generation of transport codes, the code transgbtte moments of the distri-
bution function rather than three moments (density, enengg toroidal momentum);
however CQL3D does not presently provide for a self-coasissolution with the
time-dependent Ampére/Faraday laws. The code is simildreedBANDIT3D [2, 3],
Giruzzi[4], Hammett[5], Fukuyama[6], and Smirnov[7] cagéut is different with re-
gard to: greater generality, being multispecies, largenimer of coupled deposition
packages, noncircularity, and in other ways, includingeatp of the numerical ap-
proach.

The methodology for obtaining the bounce-averaged, oaail rf FP coefficients
due to combined Landau, transit-time, and cyclotron waatigle interaction is new,
and is discussed at length. Synchrotron radiation is styomghanced by electron
nonthermal effect, and we describe our model for this pmcdhe radial transport
contains novel features which are described.

We consider the following four applications of the code. 3dapplications mainly
are to benchmark the code but also to elucidate the breadtpmication possible
with the code. Results [8] for banana-regime Ohmic condgitgtboth at low and high
inverse aspect ratioaccurately agree with previous analytic calculations. cGagree-
ment is obtained between electron cyclotron damping calledlvia the rf quasilinear
operator in the code and a relativistic dispersion relasioier. Neutral beam current
drive in an ITER-like plasma is calculated. Good agreementtirrent drive is found
between a full multispecies (ion/electron) treatment efplarticle distributions, and a
FP code solution for only the ion distribution combined wéth approximate analytic
calculation of the electron contribution to NBCD. We aldastrate spreading of the
runaway electrons by radial transport in a typical tokamtlation.



Chapter 2

FOKKER-PLANCK
EQUATION

The theory of bounce-averaged FP equations for plasmasaisiegd in Refs. [1], [8],
and [9]. Here we present a heuristic derivation of the appate bounce-averaged
FP equation in order to review some of the underlying assiomgtto give notation,
and to present the specific physical effects which are ireglud our treatment. The
following section will provide greater detail on each of teems in the equation.

We are interested in time scales of order or greater thanditision time; in usual
tokamak situations this time is much greater than the csmhoperiod of the electrons
or ions. Thus, we assume the electron or ion distributioesaaimuthally symmetric
about the ambient magnetic field direction. In this “drifitdtic” regime, we may take
the particle distribution (more precisely, phase-spastitution of guiding centers)
to be a functionf (r, e, u,t) [10, 11, 12] where is position vectorg = (y— 1)mc is
particle kinetic energy, and = %ui/B is magnetic moment. Herg,is the relativistic
factor y> = 14 u?/c?, mis particle rest mass; is the velocity of light,u = p/mis
particle momentum per mass, aBds the magnetic field strength. [13, 10, 11, 12]
Subscripts indicating parallel and perpendicular refeth®magnetic field direction.
Then the drift kinetic equation at each poirih the plasma can be written

df

i —Ou-Tu+R(f)+S (2.1)
where
df L . : .-
i total derivative following the particle guiding center,

of |, of ofdu ofde
ot 9% gr Ju dt  de dt’

(2.2)

Vge. = VHEH‘ Vb,



Vp = guiding center drift perpendicular o= B/B,
u-Fu = C(f)+Q(f)+H(f), (2.3)
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where
C = Coulomb collision term [13, 10, 11, 12],
Q = rf quasilinear diffusion operator [14, 15],
H = synchrotron radiation term [9],
R = model radial diffusion operator given below,
S= particle source/sink, for example, from neutral beam géjom, or ripple loss.

The local FP operatadry - I[',, can be written

1 0G 1 JH

Bl = a0t wwsng e (2.4)
o 0
2 v
G — uru_(A—i-Ba +Cae)f (2.5)
o o 0
H = —USInerg:(D+E +F09)f

wherel I g are theu, 8 components in momentum space of the flux ve€igrthe

FP coefficientsA — F are specific to the processes in Eq. 2.3. In terms of the small
parameteid = ppol/a, Wherep pol is gyroradius using the poloidal magnetic field,
i.e., pLpol is the banana width, aralis a representative plasma minor radius, we have
[16] in Eqg. 2.2

Vb -~ 5,
du 2
— ~ 0

dt ’
de

Yy 2
— = g —+0(%).
g — 98, t0(9)

The CQL3D code uses the “zero-banana-width” approximatiém, & — 0, thus
the collisionless guiding center orbits of the particles assumed to move on a flux
surface identified by radial coordingbe In addition, electrostatic potential terms are
omitted in this treatment. Thus, the total derivativef a§ given by

df f - f

at Z—tﬁLVHb-DfﬁLQEHVHd—ﬁLO(é) (2.6)
The partial derivatives in this equation are taken holding 6f the six independent
variablese, U, r, t constant.

To obtain the bounce-averaged equation, the further orgey/1.,, < 1 is as-
sumed. The lowest order term in Eq. 2.1/‘16- Of =v df/dlg ~ f/1,, wherelg is
distance alon@®. All remaining terms are taken to vary on time scales at laggfreat
ast,. Thus, orderingd,

f="fo+f1+...,



wherefi ~ O[(T,/T.o)'], we obtain

dfo
VH 0_63 = 0, (27)
dfo oft  dE afy :
ot +V oln = m dUH + RHS; (2.8)

RHS represents the right-hand side of Eq. 2.1.

Equation 2.7 shows thd is independent of distance along the magnetic field line,
viz., of poloidal angle on a flux surface since we assume toroidahsgtry, for each
region of phase space with velocity # 0. We assume that there is only one local
minimum of the magnetic field on a flux surface; this is the pttinough which all
particles pass. Herdyp can be written as a function &f u,p,t. Up-down symme-
try of the plasma cross-section about an equatorial migpkpresently assumed, for
computational efficiency. These assumptions exclude a Eienjpeatment of flux sur-
face configurations which have multiple trapped-partiefgons such as “bean” shaped
plasmas, or are not up-down symmetric.

The bounce-averaged equation is obtained from 2.8 by tirtegiating over the
periodic particle motion, annihilating the second term,

fary ohl fan-o, (2.9)
908 |¢ i pt
to obtain a bounce-averaged equation
dfg B qEH dfp
FTe << m oy, + ((RHS)), (2.10)
where(()) is the bounce average,
1 !
(ON == ¢ dr0); 2.11)
B

the partial bounce time; is definedry = ¢’ dt, dr = dég/|v||, and the integra$” is
taken along the particle orbi|( varies according to the constants of motion) from the
minimum B point on a flux surface (the outer equatorial plane) to thégerturning
point for trapped particles, or to the maximupoint at the inner equatorial plane for
passing particles. Up-down symmetric flux surfaces arenmedeo here.

We will evaluatefy on a radial array of non-circular flux surfaces which are ledbe
by the radial variablep = (®/mBr)Y/2 [16], whereBry is a representative toroidal
magnetic field usually taken to be the vacuum magnetic figltegplasma major radius.
At eachp, fp is taken to be a function of the two momentum-space coorelénag
and pitch angledy, evaluated at the outer equatorial plane where the polaidgle
Bl is zero; the distributiorf at otheryg-locations is obtained using Eq. 2.7 and the
constants of motioryiz.,

f (U, 9;97 epolvt) = fO [UO(U; 9)7 90(“7 e)apvt] 5



where Ug = U,

Sin? 6y = Y~ sin? @, (2.12)

andy = |B|(6po)/|Blo, where|B|o = |B| (801 = 0) is the minimum magnetic field on
a flux surface.

We obtain the bounce-averaged FP equation 2.10 in a cotiserfaam in momen-
tum spacei, e.,except for the explicit source ter§iwe put the RHS of Eq. 2.10 into the
form of a divergence of a flux iny,-space and ip-space. This is desirable from a com-
putational point of view since then we can use a finite difieeescheme which exactly
conserves the particle densityin u,, p-space [17]. Consider the number of particles
dN which are in the volume elemedfug and are contained in a flux tube along the
magnetic field which is of unit cross-sectional are@at = 0, dN = 215 |v|o| fod3uo.
This expression is evident from physical consideratidgsug is the number density
at 6po1 = 0, multiplying by |v|o| gives the flux of particles into the tube, further multi-
plying by 215 accounts for the length of time that “new” particles are fhgkinto the
tube,i.e., the time interval before particles are being re-countece tBial number of
particles in the flux tube, per cross-sectional area, is

N:/d3gOZTB|VHO|fO.

None of the RHS-processes in the FP equation Eg. 2.10, e$@mtR which will be
discussed later, change the total number of particlesriated over velocity space in a
flux tube. Hence it is clear that the quantityo| 75 fo will be an appropriate quantity
for which to obtain a conservative FP equation. We deiate|v|o|Tg.

The bounce-averaged FP equation can thus be written

2 (o) = ~Dug Ty (R +((9). (213)

where the momentum-space divergence is given analogouwsst?E and 2.5,

190 1 7]
—Oy Ty = —=-—0Co+—5———==H 2.14
to ™" Lo U2 duo O+ugsin90 96 (2.14)
0 0

= —uly = Bo— — | f

GO Uo 1) AO+ 00U0+C0090 0,
Ho = —upsinBylg,=(Do+E —d +F—d f (2.15)

0o = o 6 = | Do oau0 0090 0 .

In Killeen et al.[8] the bounce averages in Eq. 2.10 are performed, refetoiig)s. 2.4
and 2.5, giving the following simple prescription for oltieig the bounce-averaged
coefficients in Egns. 2.14 and 2.15 in terms of the local cdiefiits in Egns. 2.4 and
2.5:



cosf cosf
C = A<<¢p1/200590C>>’ DOZA<<¢,UCOSQOD>>’
cosf cof o
o - /\<<wcoseoE>>’ F°A<<w3/2co§GoF>>' (219

We will also make repeated use of the flux surface avetag# functions of the
constants of motion. Denoting the general functionGythe flux surface average is
the integral ofG over the volume increment between two neighboring flux sega
labeled by¥ andW¥ + AW, divided by the volume increment. The quanti#yis the
usual poloidal flux function equal to poloidal flux divided Byr. Thus, the flux surface
average is

/ G d®x

(S — (2.17)
d3x
YcAw
with volume element dw
d*x = Rdep |Dw|d£p,

Ris major radiusg is toroidal angle, and; is distance measured poloidally on a flux
surface. Denoting the magnetic field By= B, + B, where the poloidal magnetic field
magnitude iB, = |OW|/R, reduces the flux surface average to the expression [16]

(G) = de" G / 74 dip
_ deB /74 deB . (2.18)
We have used/,/d¢g = By/|B|.

If we let G = d3ugu(uy)] with d3u = y|v)o/v| |d3y, in accord with Egs. 2.12, this

gives
de
= d®ug V0| Te 9[U(Uo) /7{ =, (2.19)

where¢’ d/g indicated the integral alorig from the outer to the inner equatorial plane.
For example, ilg = fo and integrate ovasy-space, we obtain the relation between the
flux surface average densitp) and the above number of particldsin a flux tube

J Pug2|vjo| g fo,
_ N/?f(des/w) , (2.20)

where¢ d/g is the integral alon® encircling the plasma once in poloidal angle. In
the following section, the flux surface averages will be usddrming source terms in
Eq. 2.13.



Chapter 3

BOUNCE-AVERAGE TERMS

In this section, formation of various bounce-averaged seiimthe FP equation 2.13
and methods of implementation in the code are discussed.

3.1 DC electric field

The bounce-averaged dc electric field terms are obtaineelbyamining the local term
appearing in Eq. 2.8 in divergence form, and then applyiegttocedures indicated in
Eq. 2.16. Thus, at give6y on a flux surface, the electric field term can be written

qE ofo 9g G—singd
m o =0y | o (cosf0—sin6d) |, (3.1)

which gives contributions to the respective FP coeffici&ts2.5 equal to

_afy
AE = - u© cosf,
E
De = ~ 95y sirte.
m
The dc electric field is taken to be in the toroidal direction
wherekEy is the field at the plasma major radiRs, giving
E, = Ey-B/[B|
_ BERy By
= R B (3.3)

Then, with Egs. 2.16 and 2.12, the bounce-averaged coefficiee

_ AgEu E)
Ag, = - <<c039E—0>>,
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Dg, = —M<<cose E—>> (3.4
0

mcosby

For trapped particles, thgcost(E; /Eo))) term which thereby has antisymmetric con-
tributions in6 will be zero. For transitting particles, we find

I ! dlg Ry f
cosb = cosf — —
<< Eo>> TB vl R RB|

sgncosfy) YRof / 1 " dlg
en ) e

wheref = RBy is constant on a flux surface [16], agdand|B,| are defined following
Eq. 2.12. The indicated integrations are carried numdyicahd results for Eq. 3.5
used in Eq. 3.2.

3.2 Relativistic collision coefficients

In present day tokamak experiments, relativistic effeotthe electrons are frequently
of some importance. For example, in lower hybrid or fast weweent drive exper-
iments, the waves are launched with parallel velocity up-t6.9 c. Also, several
plasma diagnostics are sensitive to high energy electrbasd x—ray radiation and
electron cyclotron emission detectors measure radiation électrons at energies up to
~ 500 keV. As described below, CQL3D presently incorporatesdel for “mildly rel-
ativistic” Coulomb collisions [11, 12], accurate for ust@kamak situations in which
the relativistic tail electrons are colliding on a non-tefiatic thermal populationi,e.,
vy, < ¢ wherevr, = (Te/me)Y/? is the electron velocity. (This model is being ex-
tended to a fully relativistic collision treatment [18] lealson the methods developed
by Braams and Karney [10].)

The local collisional FP operator for specesolliding on species is given by

dfa

2 = _0O,rC
ot |, 4=e

2n22 zg e*In Aap

re %/M

-[f“ri,a)mgfa@ L X

In the case that the primed “field” particles in Eq. 3.6 havelsmantum-per-m<':15|:r>'2 <
c¢?, then the familiar non-relativistic dyad is sufficient [112],

M=0,0y [v—V|. 3.7)
This gives the following “mildly relativistic” collisionBFP coefficients [11, 12],

106 106, 1 o4
Fa Ot|, U2 du usin@ 90’

(3.8)

10



with

7] 7]
Y = {AaJrBa% +C\ﬁﬁ} fa,
Ha = Da+E 4 +F 9 f (3.9
a - a aa aae a- .
The local coefficients are
_ 1,50
Aa — _éu ﬁ% (Vja)a
15,450 00a
Ba = e Vgﬁ()’gﬁ)7
1 d (Y O0da
G = E“ du(u ae)
7}
Da = ysme 09 (YAa) ,
1 Y 90a
E, = 2uslney3 (u du)
1 V' 00a | V? 00a
Fa = ésme(u 0u+?% , (3.10)
with
_ Oha\ v 9 (oo
T = du( Y au ) WZsinG 96 (s'”e ae)’ (3.11)
with Rosenbluth potentials in momentum space
ga(u) <é> In/\ab/|v V| o () (3.12)
u % 7
and 5
Z\" Ma / V=V oy By
ha(u) = — ] —1InA fp (U') d°U'. 3.13
a(U) %(261) m, "0 | b (U) d°u (3.13)
In the abovel ; and/A\g, are given by
r _ 4nzZzé
a— rng 9

and

1/2
INnAgp=In ( MaMs )ZGC)\d max <§> f},
Mg + My 2 M /Jab 2

with a the fine structure constaniy the Debye length, an& the mean energy of
speciesa or b. The formation of the bounce-averaged coefficients [18Hgs. 2.14
and 2.15 follows the methods previously used for the noatikéstic case [1, 8, 19,

11
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Figure 3.1:Numerical approach to calculatingBg from ray-tracing results

20]. Briefly, the angulaB-dependence of the local-iflx distribution functions and
Rosenbluth potentials are expended in Legendre polynengiat the local coefficients
A throughF are evaluated at a pitch andglesuch that the particle’s orbit traces back
to midplane mesh points @ according to the constraints of motion Eq. 2.12. This
eliminates the need for interpolation over a logal 6 grid during the bounce-average,
which thereby reduces to a simple addition.

3.3 The rf quasilinear coefficients

A major use of FP codes has been in modeling of high power rbésiépn and conse-
guent quasilinear distortion of ion distributions by iorclgtron radiation [1, 5, 21, 22],
or electron distributions by lower hybrid/fast waves [23] 2nd electron cyclotron
waves [20, 25, 26]. In this section we form bounce-averageddefficients based on
full expressions for the rf quasilinear operator [14, 15} ave obtain the associated rf
damping. The method is applicable for arbitrary wave modssidbed within the ray-
tracing formalism, and for Landau/transit-time and/orloyron damping on electrons
or ions. Applications have been made to rf interactions wigttrons.

The quasilinear diffusion coefficients are obtained bagsshuf data passed to
CQL3D from a ray-tracing code. As illustrated schematjcadlFig. 3.1 [(a) through
(d)]: (a) the input power spectrum of rf powBXk ) is obtained, for example, from
an antenna code, and is discretizedkjn (b) Consequently, each ray has powér=
P(kj) Ak flowing along it at the launch point. The ray trajectories@akeulated using

12



the linear dispersion relation. (c) The rays are discrdtinto ray elements of length
o/ in the poloidal plane much less than the plasma width. Ratiapeidth is taken

to be dw, although in the limit of smaldw this width will cancel out of the problem.
(d) In accord with the finite widtt\k of the power spectrum associated with a ray
element, each element contributes a diffusion coefficitamtéxample,dB) which is
non-zero over a region in momentum-per-mass space alsdtefiiidth satisfying the
wave-particle resonance condition

w—K v —na/y=0, (3.14)

wherew is wave frequency is a parallel wavenumber in the rangej, n is the
order of the cyclotron interaction (zero for Landau/trétisne cases), andy is the
local cyclotron frequency evaluated with the rest masss Thntributes to the bounce-
averagedBy. The data passed from the ray-tracing code to CQL3D, for eagh
element, includes sufficient information to evaluate ttealauasilinear diffusion co-
efficient, viz., frequency, position, poloidal distansealong the ray, paralleh and
perpendiculan; refractive indexn-width Anj = cAk/w, power in the ray channel
AP(s) evaluated from linear damping, rf polarizatidag |E|, Ey/|E|, andE,/|E| eval-
uated in the local “Stix” frame [27], energy flux along the fayelectric field strength
|[E| = 1, and the local magnetic field. The resulting contributitmshe quasilinear
coefficients are used in the calculation of the power abeworfior each ray element.

The FP equation is solved on a radial arpayi = 1,/p of mesh points. With each
point p,, we associate the volume increme\; between(p, , + p;)/2 and(p, +
P|+1)/2 except the volume element associated witkextends to the plasma magnetic
axis and that associated Wyli;l extends to the plasma edge. The distributions obtained
at each radial poir, represent the average over the surrounding volume eleyénts
A ray element contributes to FP coefficientgaif it falls in volume incrementi\V;.

Thus the quasilinear coefficients for the bounce-averagedt®n can be formed
using Eq. 2.16 to relate the bounce-averaged to local gueail coefficients, and in
addition, an average is performed over volug. Then, the contributiodBy to the
Bo coefficient afp;, from each ray element lying iiV;, is

1 A [ dlg
5B0= 1 /A LT e (3.15)
OB is non-zero only over the spatial volume represented bydkieelement, and the
momentum space region in which Eq. 3.14 is satisfied.

The remaining coefficients can be similarly evaluated. H@awéhe following rela-
tions [1] simplify the task: for waves satisfying the wavaricle resonance condition
Eq. 3.14, the additional coefficients are related By (relativistically) by

1 N
8Co = m( ""S'”ZQO)“BO’
1 N
fo] =) ULIJCOSQO ( — l,USII’]2 90> dBy,
1
oFy = u2wzco§903m90< l,USIr'IZQO) 3Bo. (3.16)
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The w andy are evaluated at the position of the ray element.

In the following subsections we will give an expression &@, discuss formation
of 6By from ray element data using Eq. 3.15, and provide specifiteeomethod as
applied to the Landau/transit-time interaction, and thelatyon interaction.

3.3.1 ThedB coefficient

The 8B coefficient in the volume represented by the ray elementtaiodéd from the
relativistic generalization of the local Kennel and Engatm [14, 15] expressions,

ot _ 0 (p of
ot qﬁidg =al gu
where
Q‘MZDHL’]HLAJHJrDLHLAJLL’]HJrDHLCIHLAJLﬁLDLLAJLL’]L, (3.17)
with
2 + 2 /ku\2
q na; UL
D = ZWM(“J"V y > Ink '(wy> :
2 £ 2 /kiu +
- i ko N g [P KULY (e
Pl = Pu=2 o™ (m M=y > Oni < wv) < wv)’
2 -+ 2 _— 2
q na; na
D, = ZWrw(wva) I (w—y> , (3.18)
and
Ex—iE Ex+iE u
95, = JM( Xz y>+Jn,l( Xz y)—i—%JnEH. (3.19)

wg is the cyclotron frequency with charge sign attached lar(d, ) are the wavenum-
bers parallel (perpendicular) to the ambient magnetic.fiekee argument of the Bessel
functions isk  u; /g . 4y, U, are unit vectors in they andu, directions. The sum-
mation inn goes from-—co to +co.

The coefficien®B is related to the diffusion coefficiell,, in the u-direction, as
is evident from Egs. 2.4 and 2.5. Thus we must expBggsn terms of the coefficients
in Egs. 3.17 and 3.18. We write

of
Zo| = —0u-Tg, (3.20)
ot |y 4
where 1
I, =D-—.
Then the fluxes in the andu, directions are
of of
Ty = Dj=—+Dy, —
u I duH+ I 30,
of of
—r = Dy—+D, — .21
ulL i au, + Ldul’ (3.21)
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from which we obtain the flux vector in the 8-space,

My = cosfly +sinbrly,
Mg = —sin@ly +cosbly,. (3.22)

Insertingl, from Eq. 3.22 into 3.20, using 3.21, and transforming theipladeriva-
tives tou, 8-coordinates, then Egs. 3.18 and 3.19 give the local guasiticoefficient
0B,

OB = u?Dyy, (3.23)

where
Dw = cos6D)+2cosfsinfDy, sif6D;
2 + 2 kiu +72
= Z Y (w— kv — %> [cose 1=~ 4 sing nax |-
& 2me y wy yw
The electric field spectrurz, can be expressed as a functionkpf since thek, is

chosen to satisfy the wave dispersion relation. Normatinais such that the root
mean square fluctuating electric field is

Efzms = /d3|_(|EK‘2
—+00

/ dk ’Eku

—00

+
’9n,k

2
, (3.24)

where|E,|? = 8k, — ki (kj)]/(2 ik, ) [y |2. Thus theDy, diffusion coefficient due
to a single componerpgkH |2AkH of the discretized spectrum, representing one of the
previously-discussed ray elements, is

2
qz{ kuy nwc] y
Dw = —— |cosh 1— +sinf — |
uu ZZI’Y]2 yw yw |UH|
Uy B By B P
u "E[ T T 2E] LT T E] ™t
2
‘Eku’ 2K 3 (K| =K res) (3.25)
where
Lk c ok
S (k| —Kjres) = {Ak’ ” " (3.26)
0, k\\ﬁZAkH,
w—n
Kires = Qonajy, (3.27)

M

. = ||, and the argument of the Bessel functionkisi; /. The upper signs in
the Bessel function indices refer to ions and the lower sigrdectrons. We have used
J_n(—2) = In(2). The summation over remains from—oo to +co.

15



3.3.2 ThedBy coefficient

We form the bounce/volume averaged® according to Eq. 3.24, using Egs. 3.23 and
3.25 through 3.27. We need to relate the power flowing thraugty element to the rf
electric field at the ray element. The energy flux flowing in plodoidal plane along a

ray is denoted
oP

~ 2
Spoi = 55— =S [Eg ‘ DK, (3.28)

§po| is defined as the energy flux [27] in the poloidal plane comesing to unit
|E, DK,
l

~ 1
Shol = ETVQ pol P , (3.29)

‘B"H‘ZjLEﬁH 'w'gk] /‘Ek 2

Eku =nx Eku ,N=kc/w, andVypo is the ray group velocity projected onto the poloidal

(i.e.,locally meridional) pIaneSDm is passed from the ray-tracing cod® is power
flowing in the ray channel of widtdw in the poloidal planedw is measured perpen-
dicular toS,;, and it will cancel out of the calculation). The channel maybnsidered

to be toroidally uniform. We also defir¥8 according to

. 2 5B oP
5B =B ’gku‘ ~ 5, TrRowER (3.30)
Then we write
! dfg ! dl
—= 5B = —P (1B|/Bp) 3B
vy |VH|( 7
Sl < |B| OB
~ Psw= — , 3.31
Sy Bp |VH| u=ug ( )
sin2 g=sin? 6

whereSy is flux in OW-direction so thatS,o;/Sw)dw is the poloidal extent of the ray.
FormingdBy according to Eq. 3.15 gives

Rdpdéydly
ray element ! dlg
B =
0 0 AV VHO% |VH|
Oy ! dlg
mVHO |V_H| , (332)

whered/y = d¥W/|0W] is a distance increment perpendicular to the flux surffice
Ay = AW/|0OY) is the width perpendicular to the flux surface of the volunesradnt

AV which contains the ray elemef¥ is the range in¥ of AV, &4y is the extent of
the ray elementin thelW direction,

Sl = 3Spol - % (3.33)
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anddsy is the ray element length in the poloidal plane. From Eqs8 hfough 3.33
and 2.12, we obtain

OSpol coshy B AP

= |E| = T .
2MAY (1 ysirPgy) 2 Spol Ok

9By (Uo, 60) (3.34)

The magnetic fieldB| andy are evaluated &, of the ray, and the coordinatesé

in 8B are evaluated according to Eq. 2.12. This expression iszeomwithin narrow

strips inuo, 6p-space such that the resonance condition Eq. 3.2KhasC Ak.
Evaluation of thedBg for the Landau/transit-time interaction £ 0) and the cy-

clotron damping situations1(£ 0) is essentially identical except for the shape of the

resonance strips. We consider these cases separately.

3.3.3 Landau/transit-time interaction (n = 0)

The resonance strip is defined by the range of parallel rgfeamdexnj; = njo —
Any /2 tonjp = n 0+ Any /2, whereno corresponds to the center of the= k;c/cw-
range of a given ray element. The zeroth harmonie- 0) resonance conditiomy —
kv| = 0, becomes a hyperbola in momentum space at the §gadf the ray element,

2 uﬁ u?
(nH - 1) S-3-1 (3.35)
Thus the range of resonance strigy(> nj, > 1) is as shown schematically in Fig. 3.2(a).
Forn, <1, there is no resonance.

The code solves the FP equation omnipafy-grid. For each value ofi = up on
the grid, theby-grid values corresponding to valu@sin the resonance strip defined
in Fig. 3.2(a) are determined, the valuesdd, are computed according to Eq. 3.34,
and the additional quasilinear coefficients are obtained ®q. 3.16. Values 06Bg
corresponding t@-grid points for which the surroundin@-range fromé — 66/2 to
6+ 66/2 is not entirely in the resonance range, are weighted artgly we thus
obtainfp-grid independence in the limit of smalh,.

The rf power absorption associated with the ray elendhts given by the flux
surface average of the power density due to a ray elef@@®) multiplied by the
value of the flux surfacAV:

0P = (OFkF) - AV,

where in accord with Eq. 2.19,

21

(8Pre) = [ &0 vjo| 7 (o~ yme

RF/% dle/w.  (3.36)

The term|v|o| Tz d fo/dt|rr is given by Egs. 2.14 and 2.15 with coefficients given by
Egs. 3.34 and 3.16. The velocity integral over &h@ 6, Ho-term integrates to zero.
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(a n=0
uy u) = yc/n)2

/ uy = ye/nyp
>

uy = vc(1 — nw./yw)/ny3

b) n#0,w>nw,
u

uy = ye (1l — nw./yw)/ny:

> Uy

(c) n#0, w < nuw,
AuL ¥ =7c(l - nw./yw)/ny3

uy = ve (1l — nw./yw)/nyx

B Yy

Figure 3.2:Resonance regions in local momentum-per-mass space amedetn,
and n; curves. Three cases are shown: (a) Landau/transit timeast®n (n= 0),
(b) cyclotron interaction withw > nax, and (c) cyclotron interaction witlw < na.
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3.3.4 Cyclotron interaction (n # 0)

The resonance strip configurations are more complicatetthéor £ O cyclotron inter-
actions [26]. Figures 3.2(b) and (c) show the two differémniegions at the ray element,

w > nw; andw < nw. In each case the resonance curve Eq. 3.14 on a specific value
of nj =k c/wis an ellipse iruy, u -space:

(uy—ujo)* + 2/ (17 nﬁ) = U5, (3.37)
where
Yo _ nox N
c wl—nﬁ’
R G/ VAL

u3 is greater than zero ifnax/w)? > (1— nﬁ). This is an ellipse of ellipticity(1 —
nﬁ)*l/z. The parallel refractive index of the launched cyclotrorvesis less than
1. From Eg. 3.37, the resonance ellipse interceptathe 0 at the two valuesi;
anduj,. Figure 3.3 shows schematically the general nature of timésecept values,
various values of.

Let us first consider thev > nwe.-case corresponding to ray elements which are
outboardj.e.,on the low magnetic field side, of the resonance surface-ainw. For
this case the resonance curves for two neighboring refeagtdicesn;; andnj, do
not overlap, as is evident from Fig. 3.3 and shown in Fig.(8.2for each value of
Up on the mesh, one determines the rayfafesh points (and consequenfy-mesh
points) which fall into the resonance regionup u, -space determined by, andn;.
Again, as in then = 0 case, coefficients are determined according to Egs. 3.84 an
3.16, and the diffusion coefficients if they are evaluate@-points near the edge of
the resonance region.

For thew < nw, case, as depicted in Figs. 3.2(c) and 3.3, the resonancescionv
neighboringn overlap. This is not difficult to account for when finding tBerange
for eachu = up, since the curves always overlapuat= 0, (U /¢)? = (naw/w)? — 1.
Foru less than this value af | , the order of intersection of the resonance curves with
increasing is: first, thek,-curve, then thé -curve, assuming, >k, 0. For greater
u, the order of intersection reversed. The treatment is wiiserlike the abovey > nax.-
case.

The power absorption by cyclotron damping is calculatedasain the manner of
the Landau/TTMP interaction, according to Eq. 3.36 vBy, etc., given by Eqgs. 3.34,
3.16, 3.23, and 3.25.

The code iterates between calculation of the rf quasilineafficients, the con-
sistent distorted distribution functions, and the dampihghe ray energy along the
ray channels, to achieve self-consistent non-Maxwelliatridutions and damping of
the rf.

19



High Field Low Field

.'.‘ N0 = 0.6

0.0

‘U||1/C- ‘uuz/c

-1.0 -

i 1 | i
06 -04 02 00 02 04 06

(R—R.)/a

Figure 3.3:The minimum and maximum an the resonance ellipse ¢h0) for the cy-
clotron layer @ = nwy) at R., with the assumption of an'R variation of the magnetic

field. Aspect ratio is 2.5
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3.4 Bounce-averaged neutral beam source

One of the earliest 2 D-in-velocity space, bounce-averafygte difference FP codes
was FPP, which was constructed by Goldston [28]. Combingl wipencil-beam
neutral beam deposition code [28], 2D solutions for the ifastdistribution function
were obtained on a radial array of flux surfaces. In the spiftPP, CQL3D has been
combined with the NFREYA [29, 30] Monte Carlo, neutral beaspasition model, to
produce ion distribution functions modified by neutral béajaction (NBI). Running
CQL3D in multi-species mode, the NBI driven current can thercalculated directly
from the toroidal velocity moments of the ions and the “drediglong” electrons. In
this section, we describe the function of a DIII-D fast ionisee, ((S)) in Eq. 2.13 for
ions, from the ion birth points obtained by the Monte Carlpaigtion code.

The birth points at givelr, Z in the plasma cross-section are statistical in nature.
Birth points for each of the particles (subscripted in thiéofeing by j), for each of
several beam energies, are weighted by a particle soue@/jathich reflects the ge-
ometry and physics considerations in treutralbeam injection code. The net bounce-
averaged sourcgS)) will be the sum of all the individual birth point sourcé®s;)),
weighted by théV;:

(S, = 2 Wi (3S)))- (3.38)
J

The overbars indicate a further averaging, to be discussiedvbover the volume ele-
mentAV; associated with plasma radips and over the computational velocity space
increments associated with velociy . Relativistic effects are ignored.

Suppose a particle is born at poloidal anglgon a flux surfacév;, with velocity
vj. The birth position can also be specified @5 the poloidal length on the flux
surface, andy; which is distance across the flux surfadéy = d¥/|0W|). We write
0S;,
O(ly — Lyj) 8(£p — bpj)

3 (r,y) = >R S(v-y), (3:39)
such that i
/ &3y / P*x3S = 1. (3.40)
The source is taken to be toroidally symmetric. Bounceayieg gives
1 " dlg O(ly — Lyj) 8(Lp — Lpj) 8[V(Vo) — V)]
<<6Sj>>(y0) = W] vl 271R
(Yo, W) S |v
_ 1B 5W—w)) 5(V0—V0j)6(2’70—'70j), (3.41)
VHOTB 27'NO

whereno = cosbp, and we have used|v(vy) — V;] = (Vo — Voj) d(No — Noj)/[2 v x
[(B/Bo)(Vjo/V)|], 8(fy — Lyj) = [OW[S(W — Wj), and Eq. 2.12 B is the minimum
magnetic field on the flux surface. We further average ovewéhecity space mesh
element tha, falls into, 2nvgj AnpAvp, and the volum@V; surrounding the nominal
flux surface, giving

==t 1

12
((69)y, = m/znVo d\/od’76/d3>_</<<55>>%
0
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1 Bo
= . 3.42
2TV3 AV Ano 2TTAWYV| Tg (3.42)

in thevg-volume element surrounding; and inAVj, and zero outside. The net source
rate is then found using Eq. 3.38.

3.5 Synchrotron radiation

Synchrotron radiation by electrons can be an importantggnieiss mechanism in a
tokamak reactor, particularly in the presence of a nontaétail [31, 32]. CQL3D
models thus use the bounce-averaged of the local expregisiem in Ref. [9]. This
will give an upper bound on radiation losses, since it onmitpartant effects of wall
reflectivity and reabsorption [31, 32].

The local flux in momentum-per-mass space due to synchraaidiation is

[bx u?

[Ra|5|2y2{5x(gxf))+ VI (b-u) B} fe, (3.43)
[

wherea = 2/3(e*/mic%y), y? = 1+ uf/c?, andb = B/|B] is a unit vector parallel to

B. From Egs. 2.4 and 2.5, Eq. 3.43 gives the advective FP cieeffsoA = u’l/fe
andD = usin8T 4/ fe, wherel,, g are the components &f; in the u, 8-coordinate
system. This gives

_ 2.2 8qi v
A = alBfyfu 5|n29{1+V2C2 Co§90},
(3.44)
_ B2 S
D = alByfu smzecose{l yzCzsmze}.
The bounce-averaged coefficients are obtained with Eq, 2.16
2 2
Ao = a)\|5|gu3sin290{<1+zc—g)<<w3>>Zc—l;sin290<<w4>>},
(3.45)
Sin? @ 3u?
Do = arlBfue S {1 () - (1435 Jsiten((v)

*22_2 sin490<<t,u4>>}.

The bounce averages ¢f", which depend on pitch angt and radius, are obtained
by numerical integration according to Eq. 2.11.
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3.6 Simplified lower hybrid diffusion coefficient

The CQL3D code can be run in single flux surface mode. A singglifliffusion op-
erator is available, enabling easy simulation of lower iyifkH) current drive and
comparison with past 2D FP simulations [23, 24, 33] of thizgess.

The simplified LH operator, given in terms of a fluxurspace parallel to the mag-

netic field, is
of
r= 7DH a_UH UH’ (3.46)
whereD) is specified. We transfdr to theu, 6-coordinate system and compare with
Egs. 2.4 and 2.5 to obtain the FP coefficient,

B=u?cos6Dj. (3.47)

The coefficienBy = A (B) for the bounce-averaged equation is formed using a numer-
ical bounce-averaged & the remaining nonzero coefficier@g, Eg, andFy are given
by Eq. 3.16.

The B-coefficient is specified as a functionaf. It is constant and nonzero in the
“‘resonance” regiow; to vz, except for a smooth “turn-on” from zero to maximum
value, with shape /2[1 — cogr|v| —vji| /dv))], i equals 1 and 2, over the interval of
width dv; at each edge of the resonance region. The diffusion coeffidespecified
as a multiplier of the collisional diffusion coefficiellyq = VTEZ/Tei’ v%e = Te/Me,

T, = Vi Mg/ (41mee® INA). This gives the value d; at major radiusk = Ry, where
Ro is the major radius (center) of a flux surface. Theg,v|2) width of the resonant
region is given aRy and may be constant over the flux surface, or may vafy/&y
thus keepings R approximately constant as expected for a lowest ordembreatt of
toroidal effects on the input LH spectrum.

3.7 Radial diffusion operator

Diffusion of electrons, particularly of a fast electron failow-density rf current drive
experiments, may play an important role in tokamaks. If #thal diffusion coefficient
increases with velocity, such as is expected for stochasignetic field induced trans-
port, [34], then this effect may significantly limit radialdalization of rf current drive.
Alternatively, if the radial diffusion effects are more torim in velocity space, such as
may result from a nonresonalatx B-diffusion, then the effects on tail-electron trans-
port will be less severe. Effects of stochastic magneticfietiuced transport have
been previously examined computationally with a ZDy)-FP code which modeled
radial diffusion of a pitch angle-averaged distributionedéctrons [35]; application
was made to modeling Alcator observations of soft-x—rdyéanperatures which were
found to be independent of the X-ray diagnostic tangentusadhi the plasma [36].
The present generation of 3D codes [2, 3, 4, 5, 6, 7] examawialrdiffusion of the
2D-in-momentum-space distributions.

The radial operatofR) in CQL3D contains both a diffusion teri,, and a con-
vective velocityV, term. TheV, term is chosen to balance the diffusion term so that a
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given plasma density profile is maintainda,, andV, may be general functions of
andp, although negativ®,, presumably will present numerical difficulties. The form
of (R) is chosen to conserve particles. Also, we consider two géoategories of ra-
dial diffusion: one at constant energ§yand magnetic moment, following Hammett
[5], as may be expected due to nonclassical transport byreteagnetic turbulence at
frequencies below the electron cyclotron frequency; aedsitond at constant equa-
torial plane pitch angléy [2, 3], which is somewhat less physically motivated.

We consider the radial transport of the quantit/ ¢’ (d¢g /) which as discussed
previously is the flux surface average of particleslf, at B0l = 0. The operator
conserves flux surface average density= [ duy/ §'(d¢g /). For noncircular ge-
ometry, we obtain

UL
(Ry = |def* £ 2 Bo [
0 P 9Plcc, Ujo
17} Af A
| {D"" le,c, b’(deso/w)} Ve Fatsiw) fO}’
where -
<COvCl’CZ>={ e o coneiante o ifosion, (3:48)

As before,By is the minimum magnetic field on a flux surfack. is a quantity
previously used in the ONETWO transport code [37] contarire effects of noncir-
cular geometry [16]; it has the value 1 for circular concierftux surfaces. The quan-
tity UHo/Bo appears in the Jacobian of transformation fnayy6s- to E, -coordinates,
d3uy = [Bo/ujo|(21y/m?)dE du In forming the quantity) (n) /dt by integrating over
d3u,, the Ug|/Bo term in Eq. 3.48 enables the interchange of order of integrand
differentiation(d/dp)|e u, giving the result that the rate of change of particles betwe
two flux surfaces can be written as the difference betweemvibeboundary surface
terms,i.e.,the equation is in conservative form.

The numerical implementation of the two different radiaivdative forms in Eq. 3.48
is accomplished through the simple artifice of varying @egrid as a function of ra-
dius p. For the constaniy, 6y-diffusion, theBy-grid is constant from flux surface to
flux surface, whereas for the constémt-diffusion, the6y-grid is chosen to vary with
p SO as to conservg at correspondin@p-grid points. Radial derivatives are formed
between correspondirfi-grid points.
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Chapter 4

NUMERICAL SOLUTION OF
EQUATIONS AND MODES OF
USAGE

CQL3D is a general multispecies, noncircular plasma, titependent, nonlinear col-
lisions, radial transport Fokker-Planck code. Generalty,all of the features are used
simultaneously due to the complexity of the resulting caaéthough its application
as a full transport code will likely increase. Here we ddsesome numerical aspects
which pertain to the modes of usage of the code.

Numerical solution of the equations for the 2 D momentumespine-advancement
of the distributions on each radial flux surface is usuallfgrened by a straightforward
Guassian elimination of the implicitly-differenced FP atjans. The coefficients in the
FP equation may be determined from the distribution fumctiat the beginning of the
time-step, or they may be held constant at values in accdtdtiw initial Maxwellian
distributions. The method of time-advancement, discugs&efs. [1], [8], and [19],
is usually numerically stable for arbitrary time stép If ot is shorter than the time
for evolution of the distribution function due to, for exalagollisions or rf, then the
time-evolution of the distributions can be followed. Ahetively, if the FP coefficients
are held constant and a steady-state distribution exists, takingdt longer than the
longest time scale in the problem enables a single “timexadement” step directly
to the steady-state solution. Another situation occursnrdnsteady-state is desired
with certain of the FP coefficients evolved consistent whita hon-Maxwellian state of
the distributions, for example, in rf simulations where ttanping of the ray energy
depends strongly on distortion of distributions and the Béfficients must be recom-
puted for each new state of the ray energy deposition. Themdbtime steps give an
iterative approach to the rf steady-state.

As mentioned above, certain of the FP coefficients can beftxeld, depending for
example on the initial Maxwellian distribution. This is mssary if a steady-state is
desired in cases where there is no radial transport and ateate is turned on. Oth-
erwise the plasma would heat up indefinitely. In cases of diccglectric field in which
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the electron distribution is evolved, it is traditional [383, 24] to linearize the elec-
tron collisional FP operator by taking tlgeandh Rosenbluth potentials in Egs. 3.12
and 3.13 to be entirely due to the initial Maxwellian distiions. A steady-state is
achieved whereby added heat from the rf or dc electric fiedd@amainly to the back-
ground Maxwellian “heat bath.” This approximation is qujod for cases when only
tail electron dynamics are important, and where electlent®n slowing down ef-
fects on the tail electrons dominate transport effects fdusituations such as in the
calculation of Ohmic conductivity where a significant portof electron momentum is
carried by thermal particles, then the non-conservatiogl@ftron momentum during
electron-electron collisions implicit in this linearifah gives a poor approximation,
and leads to a facter2.0 reduction in Ohmic conductivity. We have therefore addp
a “partially-nonlinear” mode of operation [33] to prevenétthermal runaway but give
momentum conservation in electron-electron collisiofe Ry)-Legendre component
in the expansion of the evolved electron distribution in.E31$2 and 3.13 is ignored.
Instead we use thg)-component corresponding to the initial Maxwellian. Theeén-
ing Pp-components in Egs. 3.12 and 3.13 are retained up to a maxionderm ~ 5
required for convergence of the results.

If the problem to be solved includes the effects of radiahgport, then the code
may be run to a steady-state in the “linearized,” “partiabnlinear,” or nonlinear
modes.

There are several choices of boundary conditions enablisggady-state in the
presence of particle sources or sinks due to, for exampeidas from neutral beams
or electron runaway beyond the maximum energy on the grice Bdundary condi-
tions at the high energy edge of the grid are either zero-flunémentum-space, or
a streaming condition on the distribution permitting a sthdtow of the particles off
the edge of the grid. At velocity = 0, the boundary condition can be chosen to be
zero-velocity-flux which does not generally permit a steathte; the distribution can
be held fixed av = 0 which leads to a steady-state but the species density nrgy va
from its initial value; or, the distribution can be renorimet to its initial density after
each time-advancement step, which leads to a steady-stateiaitial density.

Radial transport has been incorporated, building on théqus state of the code in
which individual distributions were computed on a radiahgtof flux surfaces [20, 25]
but there was no direct radial coupling of the differenceagiqus. This is readily ac-
complished by an alternating-direction-implicit (ADIjrte advancement scheme [17]:

A (fn+1/2* fn) n+1/2 n+1/2 n
sz c(f )+Q(f )+S+R(f ), 4.1)
A (fnﬂ — an/Z) _ n+1/2 n+1/2 n+1
57 - c(f )+Q(f )+S+R(f ), (4.2)

wheref" represents the distribution function at time stegPreviously we had solved
the implicit 2D in momentum-space Eq. 4.1 withdiit Adding R in 4.1 amounts to
a further source term in this equation. The implicit portafrEq. 4.2 is 1D in radius
and the finite difference equations are readily solved loyagonal recursive formulas.
We should mention that our first solutions to the full 3D peyhlutilized a splitting
algorithm, which amounted to solving Eq. 4.1 without thelexpR(f") term and then
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Eq. 4.2 without the explici€ + Q+ Sterm (and withdt /2 — dt). Although each step
of this scheme was unconditionally stable, short timesstegre required, of order the
shortest collision time for the non-Maxwellian portion bEtdistribution function, in
order to avoid oscillations from and momentum- to radiakagepn solution. An rf run
which took a half-hour of CRAY time without radial diffusidnok ten hours to get to
steady-state with radial diffusion. Giruzzi found [39] lvithe slightly more compli-
cated ADI scheme that much longer time steps could be takeithat in achieving a
steady state the radial transport only added a 30% incraaseetution time over the
rf case with no radial diffusion.
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Chapter 5

BENCHMARK RUNS AND
ILLUSTRATIVE TRANSPORT
CASE

This section outlines three benchmark tests of the codasigaiown results, and gives
an example of transport effects on runaway electrons inmaka.

5.1 Neutral beam current drive with multispecies oper-
ation of code

The NFREYA [36, 37] Monte Carlo neutral beam deposition cads utilized to pro-
vide a source of fast ions in an ITER-like plasma [40]. Figdita) shows the tokamak
poloidal cross-section, with representative birth poihus to three vertically displaced
1.3 MeV deuterium neutral beams injected into a plasma wéthitral electron den-
sity neo = 1.1 x 10 cm®. Figure 4 (b) gives contours of the resulting steady-stite 2
deuteriumion velocity distribution at a point near the plascenter. The electron com-
pensating current due to slowing down of the fast ions on kbetrens was computed
by two means: (1) running CQL3D in multispecies mode, witthibe deuterium and
the electrons being simultaneously time-advanced, withad@l transport; the elec-
tron current densitye is then directly calculated by taking tive-moment in velocity
space of the steady-state electron distribution; (2) @dtirely, the compensating elec-
tron current is obtained from analytic estimates made uiingulas by Cordey and
Start [41]. Table\:l compares these currents in terms ofrdnetional reduction of the
net beam-driven current densilyp = Jp + Je divided by the fast ion current density
Jo. As a function of inverse aspect ratio, the analyticallyaided current density ex-
ceeds the computational result by 1.5% near 0.0 to 6% ate ~ 0.4. This good
agreement confirms the operation of the electron-ion éaflislynamics and trapping
effects, with the code working in multispecies mode.
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Figure 5.1: (a) Selected birth points of fast ions in ITEReIsituation, and (b) the
steady-state deuterium distribution @ta = 0.085. U,y corresponds to 1800 keV
deuterium ions.

Table 5.1:
COMPARISON OFANALYTIC AND COMPUTATIONAL ESTIMATES OFJgp/Jp

Inverse Aspect Ratice]  Analytic* Computational

0.0374 0.69 0.68
0.0544 0.73 0.70
0.079 0.76 0.73
0.019 0.79 0.76
0.145 0.82 0.79
0.190 0.86 0.81
0.244 0.88 0.83
0.311 0.90 0.85
0.393 0.93 0.87

*Cordey-Start results, Phys. Flui@8 (1980) 1475.
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5.2 Ohmic resistivity as a function of inverse aspect ra-
tio

Computation of Ohmic resistivity as a function of inverspext ratioe tests the
dynamics of electron-ion collisions, momentum conseovapiroperties of electron-
electron collisions, and trapping effects, against pnesiavell known banana regime
results. The resistivity; in the code is obtained as an area average of the toroidal
current density between neighboring flux surfaces, dividgdhe same average of
the electric fieldEg at the plasma major radiug, = Ep/j. We ran the code in the
previously-discussed “partially-nonlinear” mode. Figér(cf., Ref. [8]) compares the
ratio of  normalized to the Spitzer value to several formulas in tteedture, both for
high and lowe limits. As € — 0, the code value af /N spitzeris 1.03. The code results
follow closely thee variations obtained by Coppi and Sigmar [42] and Congtoal.
[43] at low € and by Connoet al.[43] at highe. This further confirms the accuracy of
the collision model in CQL3D.

5.3 First harmonic electron cyclotron damping

The present major application of the code is for determamedf rf absorption and cur-
rent drive efficiency. Figure 5.3 compares the damping ¢aied with CQL3D using
relativistic Maxwellian distributions, such as are obtadrat low rf power, with results
calculated by a linear, relativistic, electron cyclotroaws dispersion code [44]. This
is for a case of X—mode radiation launched toward the magagis from the inboard
side of a present-day tokamak, at an angle approximatelyetyseés from perpen-
dicular. Data required to calculate the quasilinear diffnsoefficients according to
Egs. 3.23, 3.25, 3.34, and Section 3.3.4 has been passedheoh®ORAY ray-tracing
code [45, 46]. The absorption coefficient giving the dampdeg unit length along
the ray is calculated from the rf power absorption expres&q. 3.36. The excellent
agreement, generally within 3% to 4%, verifies most aspeficts aalculation. The
minor numerical difficulty appearing toward the end of thg ti@jectory at distance
S~ 80 cm occurs near the cyclotron resonance layef «x in a region where most
of the rf power is already absorbed (in this cas®9% absorbed). The difficulty is
associated with the first term in square brackets in Eq. 326wtogether with the
resonance condition Eq. 3.27 is proportional {¢11— w./wy)?.

5.4 Transport effects on runaway electrons

We show results of a typical application of the radial trasrspnodel to the problem

of electron runaway. Since the slowing down rate for elextrabove the thermal
energy is proportional to /L3, eventually an energy is reached where radial transport
dominates, since the transport time becomes less thandhéngl down time. For
densities~ 10'%/cm?, and assuming a radial transport rate independent of erteigy
occurs at energies of order 100 keV for present-day tokamgks dc electric field
runaway electrons, the only limit on this buildup in the tolek will be radial transport,
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Figure 5.2:Comparison of Ohmic resistivity from CQL3D to various analytic esti-
mates, as a function of inverse aspect ratio
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Figure 5.4:Transport effects of the electron distribution tail, in am@ic discharge.
Curves on left are for no transport, and curves on right idgieffects of a radial dif-
fusion transport coefficient £ = 1.0 m?/sec. y,m corresponds to 250 keV electrons

or the termination of the discharge. Thus transport effe&itsbe expected to dominate
the dynamics of runaways. Figure 5.4 shows results from @REtBnfirming this
expectation.

The left hand side of the figure shows results with no radgdgport, and the right
side is with radial transport. This is for agg = 10 cm~3, Zet = 1., central temper-
atureTeo= 1 keV, one-turn voltag®, = 2.5 volts, Ry = 1.67 m, Ohmic discharge
giving 447 KA current in the “no transport”-case and 428 kAharansport. The
diffusion coefficient is a typical value for this type of disrge,Dpp = 1.0 mé/sec,
and is independent of velocity. The code is run in the prestipdiscussed “partially
nonlinear’-mode, as is appropriate for study of electramptaenomena.

At the top of Fig. 5.4 we show the electron distributidgss a function ofi, with
pitch anglefy as a parameter, at a radiug = 0.65 toward the plasma periphery.
Comparing the left and right of the diagram, we see that prarisaises the tail den-
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sity by two-and-one-half orders of magnitude, a profouridatfon the runaways. The
raising of the tail is due to electrons which have transgbftem the plasma center.
The bottom of Fig. 5.4 compares “runaway electron rategyflaly the rates of elec-
trons streaming off the edge of the grid above energies 250 Aewe see, transport
depresses these rates at the plasma center, and enhamncésvtlaed the plasma edge.
Although these transport modifications of the electronwalil have strong effects on
tail diagnostics such as x—ray of vertical electron cydotmeasurements, there are
not enough tail electrons in this case to significantly mptie current profile.
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Chapter 6

CONCLUSIONS

CQL3D is a multispecies, relativistic, 3D bounce-averagekker-Planck code pro-
viding a general model for auxiliary heating in tokamaks. Newe given an analytic
description of each of the terms in the code and outlined Inay &re numerically im-
plemented. The treatment of the rf quasilinear diffusiod damping terms, which is
a new general approach in Fokker-Planck codes, incorpoiraiz unified fashion the
Landau/transit-time and cyclotron interactions of rf gyyewith the tokamak plasma.
A method is given for calculation of fast ion sources from NM®o@arlo neutral beam
deposition code results.

The CQL3D code has been benchmarked against several kndutiose to the
Fokker-Planck equations. The Ohmic conductivity agredhiwi3 percent with ear-
lier calculations in both the low and high inverse aspedbratlimits [41, 42], and
provides results in the intermediateegime. This corroborates the electron-electron
and electron-ion Coulomb collision terms. A neutral beajadtion scenario was set
up to obtain the fast ion current; the “dragged along” etatirurrent calculated with
the code was compared with analytic expressions [41], giggreement to 1.5 percent
neare = 0.0 and to 6 percent & = 0.4. This validates multispecies use of the code
and again the electron-electron and electron-ion cofligerms. Electron cyclotron
damping on Maxwellian distributions of an electron cyabstiray was compared with
results from a well-known dispersion relation solver [4dhd the two results agree
generally within 3—4 percent. Since CQL3D calculates rf geng in the same way
for non-Maxwellian distributions, and for Landau/trarsihe damping, this validates
much of the rf quasilinear/damping calculation. An illagive electron runaway/radial
transport simulation demonstrates this functionalityhie tode and indicates the im-
portance of the radial transport process for high energstrelas.

The code is presently coupled to a range of major auxiliangeso NFREYA
[29, 30] for neutral beam deposition; RAYLH/CURRAY based Brambilla’s lower
hybrid tracing code [47] and augmented for general nontdraomputational equilib-
ria and fast waves [48]; TORAY [45, 46] and TORCH [49] for gélen cyclotron rays;
an MHD code for noncircular equilibria; HORACE [50] for etean cyclotron emis-
sion consistent with the nonthermal electron distribiti@nd an internally-calculated
x—ray spectrum diagnostic based on the bremsstrahlungiemisernel.
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Many generic studies remain to be completed, and new apiplisacan be ex-
pected. Future development of the code will focus on incaon of a self-consistent
Ampére-Faraday law for the time-dependent toroidal eitefigld.
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