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Abstract/Overview

GENRAY (A.P.Smirnov and R.W.Harvey, 1995) [1] is a general ray tracing code for
the calculation of electromagnetic wave propagation and absorption in the geometrical
optics approximation.

Physical model:

1) A solution of the ray tracing equations (I.B.Bernstein and L.Friedland, 1983) [2]
in general non-axisymmetric geometry is obtained for an arbitrary form of the mag-
netic surfaces in toroidal geometry. The magnetic field is input with a numerical eqdsk
file giving the axisymmetric flux surfaces. Additional perturbations of the toroidal and
poloidal magnetic field may be specified in order to study the influence of the magnetic
ripple.

2) The code provides several alternative dispersion functions D: (1) cold plasma
dispersion with different numbers of species, (2) full (T.H.Stix, 1992)[3] hot non-
relativistic plasma dispersion with shifted two-temperature (7}, T, ) Maxwellian dis-
tributions and multiple plasma species coded by Forest, and (3) the relativistic electron
plasma using the (E.Mazzucato et al., 1987) [5] or .P.Shkarofsky dispersion functions.
Using these dispersion functions, ray tracing is performed for several types of radio
waves: ECR, LH, FW, EBW, IBW....

3) The radial profiles of density, temperature and effective charge Z. sy can be input
in pseudo-parabolic form or in tables for spline fits. In order to interface flexibly with
related codes, a choice of variables for the minor radius is provided: the square root of
toroidal volume, toroidal or poloidal flux, and poloidal cross-sectional area.

4) The code can recalculate the plasma density or Z, sy using the given temperature
and plasma pressure specified in the eqdsk file. Plasma density perturbations in the
form of the toroidal and poloidal harmonics may be specified.

5) A model is provided for angular scattering of the perpendicular refractive index
N  of the rays. This enables, for example, study of the effects of wave scattering by
drift waves at the reflection point near the plasma boundary.

6) The calculation of absorption of wave power along the wave trajectory is de-
termined by the imaginary part of the perpendicular refractive index /mN | using : (1)
the anti-hermitian part of the dielectric tensor for hot non-relativistic plasma; (2) the
relativistic electron plasma Mazzucato approximation for the fully relativistic electron
plasma; or (3) the asymptotic formula for /mN, for LH and FW.
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7) The code has two models for wave launch: (1) a cone of rays launched from an
arbitrary point outside the plasma (for EC waves); and (2) grill launch of a specified
n|-power spectrum P(n)) of waves from points inside the plasma (for LH, FW, BW).
The code then calculates the set of trajectories for these types of wave launch.

8) Along the trajectory the code calculates the current drive efficiency using: (1)
the asymptotic formula for FW and LH waves; (2) the CURBA code (R.H.Cohen) that
takes into consideration relativistic resonance conditions and the influence of trapped
electrons.

9) Along the trajectory, the code calculates the wave electric field polarization (for
coupling to the CQL3D Fokker-Planck code) using several approximations for the di-
electric tensor.

10) Based on linear damping of the wave energy, the code calculates radial profiles
of absorbed power and current drive.

Numerical method

1) For the numerical solution of the ray-tracing equations the code can use: a 4th
order Runge-Kutta method with constant and variable time step, or a 5th order Runge-
Kutta method with variable time step.

2) The ray-tracing equations have the form of Hamiltonian equations. The dis-
persion function plays the role of a Hamiltonian in these equations. For Hamiltonian
conservation the code can use different forms of corrections along the trajectory.

3) The code has the capability to form the numerical derivatives required for dif-
ferencing of the ray equation, given only an expression for the local wave dispersion
relation. This enables ready use of given dispersion relation solvers for ray tracing.
The cold plasma and Stix dispersion relation in the code also have explicit calculation
of derivatives from analytic expressions.

The code has a modular structure that permits adding new forms of magnetic fields,
dispersion functions, absorption formula, and numerical methods.
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Ray tracing equations

1.1 Coordinate system

We use the cylindrical space coordinates R = (r,9,2); r is the major radius, @ is the

toroidal angle, and z is along the vertical axis. The conjugate coordinates for the re-
—

. : - .
fractive index N = ¢ ulf are N = (Ny, M =rNgy, N;). Here k is wave vector; c is speed

of light;  =2=nf; f is wave frequency. We will use ¢ for time.

1.2 Geometric optics equations

If the wave length is smaller than the local space scale and the wave frequency is bigger
than the inverse time of the change of the plasma parameters, then we can use the geo-
metric optics equations for the wave description (B.I.Bernstein and L.Friedland,1983)
[2]. In the geometric optic approximation the wave electric field is composed of the
slowly varying amplitude E (R , ) and the fast variation exp(iy(R , )). The function
v determines the wave vector k (R, 1) and the wave frequency @ = o(R , 1); * =Vy,
®= —dy/dt. The quantities & and  are the slowly varying functions. The wave elec-
tric field is determined by the dielectric tensor (o, ?), written for the uniform plasma
with local parameters along the ray.

Let N = ( N - B))/B be the longitudinal component of the refractive index along the

magnetic field ?; N 1= (ﬁ — ﬁ\l) is the perpendicular component of the refractive
index. The local orthogonal coordinate system (€', €y, € ;)[3] for the wave electric
field polarization E can be introduced by the following formula:

N

L, =[x (1.1)
Ny

In this system of coordinates, the wave electric field and the refractive index have the
form:

2, 2=

B
==,

E=E7?e.+E7e,+E7;, (1.2)

6
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N =N Z:+N,?.. (1.3)

The amplitude of the wave electric field E is the solution of the linear system:

DE =0, (1.4)
D= Dqg = €qp + NadVp —1\7280437 (1.5)

xx Nﬁ &xy €+ NHNJ_ E,
Eyx €y — N? €y E, | =0. (1.6)

€+ NNL €2y €, —N? E;

The condition for the existence of the non-trivial solution of the system (1.6) gives the

dispersion relation:
D(R,Nj, N, ®) = detDog = 0. (1.7)

This dispersion function, calculated for the Hermitian part of the dielectric tensor €,
determines the ray trajectory from the following system of the ODE:

dr __ C aD/alvr dNr _cC aD/ar
dt —  ®dD/dw’ dt T ®dD/ow
dt = ®dD/dw’ dt T ®dD/dw )
dZ . c aD/aNZ dNZ _cC BD/BZ
&~ "wdDjdw’ dt — wbjiw

1.3 Normalized variables and geometrical optics equa-
tions

In the code we use normalized variables. We will introduce the following characteristic
parameters:

1o, t():I’()/C7 (l)()ZZTEf(). (1.9)

The normalized variables take the form:

t=1/1, (1.10)
R=(Z=z2/ro,F=r/r0,9), (1.11)
N = (N,N,,M = M/rg = N,), (1.12)
O = o/wy. (1.13)

We use the following equations, taking the length ro = 1 m:
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drrg ¢ OD/ON; dN, __ ¢ 9D/drry
diy ~  ®©0D/o®’ diy  ® D/
dity,  ® oDJjod °  diig  ®0Djow :
dzrg ¢ OD/oN; dN, __ ¢ 9D/dZrg
diiy —  ®dD/d®°’ diy  © oDJod

Thus, we have this system of he ray-tracing equations in normalized variables:

dr 1 0D/dNr dN, _ 1 9D/or
di —  ®oD/o®’ di ~ ©0D/od
do _ _190D/OM  4if _ 1 9D/d¢ (1.15)
i ©dDjae’ df  ®0D/ow ‘
dz _ 1 9D/9N, dN; _ 1 0D/JZ
T ®JD/O®’ df — ®0dD/d®

In these variables, the group velocity Vgr = (%, r‘fl—(f, %) is normalized by the speed

of light:

T e &

$Nde dr dr

In the normalized form the right-hand side of the ray-tracing equations and the values

of the variables may calculated with values near the unity. This may useful as a means
to reduce numerical error due to finite computer word length.

)=V /e (1.16)
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Magnetic field

2.1 Axisymmetric magnetic field

An axisymmetric magnetic field is specified using data in the input file equilib.dat.
This file has an eqdsk file format {Lang Lao]. The specified magnetic field is of the
form:

B ="7¢Bo+ B, 2.1)

The toroidal magnetic field is given in equilib.dat through the function f,

1
By =—f(W), (2.2)
and the poloidal magnetic field the a tabulation of the the poloidal flux function W,
e, d e.d
7o Zrv_ TV 23

(€, €4, @) are unit vectors of the configuration space cylindrical coordinate sys-
tem.

2.2 Variables in the equilib.dat file

The equilib.dat file contains the array peqgd(i, j) = y;; for the poloidal flux function
given at the points on an equi-spaced rectangular mesh r =x, z =1y,

(xi,y), i=1,..nxeqd,j=1,...nyeqd. 2.4)

It also contains the array f; = f(y;) given at equi-spaced points of the poloidal flux
mesh ;, j = 1,nxeqd, values varying form the magnetic axis to the limiting flux sur-
face. The variables in the equilib.dat file are given in the following units: lengths
(z,r) are in (m); toroidal magnetic field By is in (T'); poloidal magnetic flux function
Y is in (Wb = T * m*) weber; toroidal function f = rBg is in (T *m); pressure p in
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Pa. The code reads the arrays peqd(i, j) = y;;j and fj = f(y;) and calculates spline
approximations for the poloidal function y(z,r) and the toroidal function f = f(y).

2.3 Ripple magnetic field

We take into account the influence of ripple magnetic field 8B = (8B/,0B¢,dB;) only
on the value of the total magnetic field F),oml =B+ 8?; we use the approximation
that the flux surfaces remain axisymmetric, for purposes of specifying plasma den-
sity, Z.rf, and temperature, and the flux surfaces are calculated using axisymmetric
data from equilib.dat file. The stationary vacuum ripple magnetic field must have the
potential F, 8B = VF. The ripple field potential can be found in the form:

F= 8ripple Sin(Nlonp(P)g(V; Z)~ (2.5
This potential gives the toroidal and poloidal ripple fields:

O po— 19 p _F (2.6)

BrzgaB(p_;%a =

We use this model form for the toroidal ripple field:

. boRy , 1
F = 8ripple Sm(Nloop(P) ~ (—

Nioop | 2.7)
Nl(mp Rmax )

This formula is suitable for approximation of the ripple field in DIII-D. The corre-
sponding function g(r,z) has the form:

g(r) = (boRo/Nioop) (1) Rax)Moor 2.8)

Here, Njy,p is the number of toroidal field coils; b is the value of the toroidal magnetic
field at the magnetic axis; Ry is the magnetic axis major radius; R,y is the parameter
which is taken equal to the major radius at the outer plasma edge; &,ippie gives the
relative amplitude of the ripple field.

Alternatively, the code uses another form of the ripple potential:

g(r7 Z) = (bORO/Nl(mp)IO (Nl()()pp(r7 Z) /IO (Nl(mp)' (2.9)

Here, Iy is the modified Bessel function; p(z,7) is the small radius; 8, ;. is the ampli-
tude of the ripple field at the last flux surface at small radius p = 1.

The input data nloop=Nj,,,, and deltripl=9;;,,;. and the switch i_ripple are set in
the genray.dat file.

The given switch chooses the model for the ripple field:

if i_ripple=1 code uses the formula 2.8

if i_ripple=2 code uses the formula 2.9
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2.4 General radial coordinates

Any positive monotonic function on the poloidal flux can be used as a radial coordinate.
The switch indexrho in the genray.dat file identifies the choice of four normalized ra-
dial coordinates implemented in the code:

indexrho=1
Ps(W) = V' S(W)/S(Wiim)- (2.10)

indexrho=2
P, (W) = v/ Pror (W) /Pror (Wiim) - @.11)

indexrho=3
0, (W) = v/ Vior(W) /Vior (Wiim). 2.12)

indexrho=4
Py12 (W) = \/ (W = Winag)/ (Wiim — Wimag )| (2.13)

indexrho=5
Py (W) = (W = Winag) / (Wiim — Winag) (2.14)

Here, S(y) is the area of the poloidal cross-section; Vi, (W) is torus volume within
the poloidal cross-section ¥ = const; ®y,,(¥) is the toroidal flux inside the surface
Y = const; Ypqg is the poloidal flux at the magnetic axis and ;, is the poloidal flux
at the plasma edge. To find S(V¥), Vior(W¥), and @y, (W), the code uses poloidal and
toroidal fields calculated using y(r,z) and f (V).
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Plasma components

3.1 Plasma species

The plasma consists of the number nbulk plasma species. The s plasma species (s = 1
for electrons, s = 2,3, ..,nbulk for ion species) has density ng, charge Z; > 0, and mass

my. We use the following notation:

2
w (O
— . Ps _ Yes
Xs‘ - 2 YA‘ = .
() ()
Here,
2 _ AnngZ2et . .
0 = ;n)} is the plasma frequency ;
— ZseB .
Ocg = 27 s the gyro-frequency ;

e > 0 is the electron charge;

Zeff = Zigl’”lk Zizn,- /ne is the effective charge.

3.2 Density, temperature and Z, s profiles

3.2.1 Axisymmetric radial profiles

3.

In the axisymmetric case, there are two ways to input density, temperature and Z, ¢

profiles as a function of the small radius.

Quasi-parabolic profiles

ns(P) _ (”Os _ an)(l _ pklns)anS + o,
Ty(p) = (To, — Ty, ) (1 — pX'5)25 4 T

12

(3.2)
(3.3)
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Zepr(P) = (Zepfy = Zegs,) (1 = P15 + Zo g, (3.4)

Profile arrays

One dimensional arrays for the density n,(py), temperature Ty (py) and Z.¢¢(px) profiles
are specified on a radial mesh pg. k=1,...ndens. A spline approximation of this data is
used to create the radial profiles as a function of the radius.

3.2.2 Non axisymmetric density variations

To add plasma density on fluctuations we use the following form for the full plasma
density:

n(z,1,0) = n(p)(1+3noB(p, 8, 9)). (3.5)

The function [ is assumed to be of the form:

B(pvevq’) = ﬁp(p)Be(e)COS(lq)(p), (3.6)

Bo(6) = 0.5(1 +cos(lpY)), 3.7

By(p) =05+ (1 +%arctan((9;7;0)>)p;_z)'

(3.8)
Here

dny is the the relative amplitude of the density fluctuations,

Bp(p) sets the radial form of the fluctuation, For the small values of G, it is the
smooth differentiable approximation of the following function G(p,po).

0,0<p<po
~ G s — ’

Pe(P) ~ G(p.po) { (P—po)/(1—po),po<p <1

The function PBg(0) gives the poloidal form of the density fluctuations. The input
data for the density fluctuations are given in genray.dat file: var0=9n,, sigman=c,,
an=p¢, denm=ly, denn=I,

3.2.3 Plasma neutrality and plasma charge Z, .

The ion charges Z; and densities n(p) should satisfy the plasma neutrality and generate
the given plasma charge Z.¢¢(p). Thus these input data are dependent upon one other.

There are several possibilities in GENRAY for the generation of electron and ion
density radial profiles and plasma plasma charge. The variable izeff in the GEN-
RAY.dat file specifies these possibilities:

1) izeff=0

Input data from genray.dat file:
nbulk is the number of plasma species;
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charge(s) =Zs; >0, s =2,...,,nbulk are the ion charges;
ns(p), s =2,...,,nbulk are the ion density radial profiles;
T;(p), s = 1,...,,nbulk are the electron and ion temperature radial profiles.

GENRAY calculates electron density profile n.(py) and effective charge profile
Zorr = Zesr(pr) at the points of the radial mesh py = (k—1)/(ndens—1),k=1,...,ndens.
The parameter ndens (given in param.i file) is the number of points of the radial p mesh.
Using the given ion charges Z; and the ion density profiles ns(p) (analytic or tabular),
we have:

s=nbulk
ne(pk) :nsil(pk) = Z ans(pk) 3.9
s=2
s=nbulk
Zepr(p) = Y, Zing(pi)/mi(px)- (3.10)
s=2

Then, for general radius p GENRAY calculates the functions n.—n(p) and Z.¢¢(p) as
spline approximations of the data on the given radial mesh py. k=1,...ndens.

2) izeff=1
Input data from genray.dat file:

nbulk is the number of the plasma species, nbulk> 3;
charge(s) =Zs; >0, s =2,...,,nbulk are the ion charges;

ng(p), s = 1,...,,nbulk — 2 are the electron and ion density radial profiles;
Zos¢(p) is the plasma effective charge;
T;(p), s = 1,...,,nbulk are the electron and ion temperature radial profiles.

In this case GENRAY calculates the ion density profiles nyp,x—1 and n,p,x using
givenZ,s(p) , ion charges Z and given electron n; (p) and ion ng(p), s =2, ..., (nbulk—
2) density profiles from the following system:

i=nbulk—?2

Zerr(p) = Z ZEi(P) + Z2putk— 1 Fonbut—1 (P) + Zapuainbut(P). (3.11)
i=2
i=nbulk—2
1= Y Zni(p) + Zubuik—17nvuik—1(P) + ZubutrTnouik (P)- (3.12)
i=2

Here, 7;(p) = ni(p) /n.(p) is the ratio of ion density (i =2, ..., nbulk) to electron density.
We see (from3.11, 3.12) that this case (izeff=1) does not make sense if nbulk < 2. The
nbulk= 3 case is a standard one in which only the electron density and effective charge
profiles ns(p), Z.rr(p) and 2 ionic charges, Z, s = 2,3, need be given.

For nbulk > 3, then consider the system of equations (3.11) and (3.12).
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a) If Z,puix # Zupuik—1 > then from equations (3.11) and (3.12) we have:

Zeott — Zuputk—1 + L2 700 (Zuan—1 — Zi)
Zbutk(Znbutk — Znbuli—1)

, (3.13)

Npbulk =

and i—nbulk—2
Zyputk — Zeps — Xich "~ Zitti(Znpuik — Zi)

Zybutk—1 (Znbutk — Znbuli—1)

Mpbulk—1 = (3.14)
If nbulk = 3, then the summations ¥'=3"/*=2 in 3.21 and 3.22are equal to zero.
If the equations 3.21, 3.22 give negative values 7pyix O Rypuik—1, GENRAY generates
a warning and stops.
b) Zupuik = Zupuik—1, then equations (3.11) and (3.12) could not determine 72,5 or
Toputk—1, and code will give the warning and stop.

3) izeff=2
Input data from the genray.dat file is the following:

nbulk is the number of plasma species;

charge(s) =Zs; >0, s =2,...,,nbulk are the ion charges;

ns(p), s = 1,...,,nbulk are the electron and ion density radial profiles;
Zes¢(p) is the plasma charge.

In this case the input Z, s ¢ (p) does not coincide with the effective plasma charge cal-
culated by formula (3.10). This case can be useful when we use the electron Mazzucato
dispersion but Z, sy will be necessary for the calculations of current drive efficiency.

4) izeff=3
The input data from genray.dat file is the following:

nbulk is the number of plasma species;
charge(s) = Zs; > 0 s = 2,...,nbulk are the ion charges;
ng(p), s =2,...,,nbulk are the ion density radial profiles.

In this case we will use the eqdsk pressure p(p).

It is assumed that the ion temperatures are equal to the electron temperature T, (p) =
Ti(p). In this case GENRAY calculates the electron density n1(p) from the charge
neutrality condition (3.9) , the plasma charge Z./(p) from (3.10), and 7. (p) = T;(p)
from (3.17). The plasma pressure is determined by the formula:

nbulk
p=mT + Z n;T;. (3.15)
i=2

Here, T; is electron temperature , 7; (i = 2,nbulk) is ion temperature. Let all ion
temperature be equal to electron temperature:
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T, =T,, i =2,nbulk. (3.16)
From (3.16) we have:
nbulk
Ti=p/(m+ Y, n). (3.17)
=2

We use the ion density radial profiles from input equilib.dat file n;(p), i = 2, ..., nbulk.
ni(p) and Z.¢¢(p) are calculated as stated above. The code calculates density n in
10'm=3, pressure p in Pa and temperature T in KeV. To get the temperature in KeV,
we change Eq. 3.17 to the following form:

_ p
1.6 103(ny + Y4k )

For this case the limit of the number of the plasma species is nbulk > 2.

Ti (3.18)

5) izeff=4
The input data from genray.dat file is the following:

nbulk is the number of plasma species; cases for nbulk> 1 are enabled;
charge(s) =Z; > 0,5 =2, ..., ,nbulk are the ion charges;

ng(p), s =2,...,,nbulk — 2 are the ion density radial profiles;

Z.r7(p) is the plasma charge;

T;(p), s = 1,...,,nbulk are the electron and ion temperature radial profiles.

In this case we will use the eqdsk pressure p(p).

In that case GENRAY calculates the electron n; (p) and two ion density radial pro-
files nypuir—1(p) and nypu(p) using the given Z.r(p), ion charges Z , pressure p(p)
and the given ion ns(p), s = 2, ..., (nbulk — 2) density profiles and temperature profiles
T;(p), s = 1,...,nbulk. We introduce the normalized ion temperatures T=T, /Th. Eq.
(3.23) gives:

i=nbulk

p/Ti=m+ Y nl. (3.19)
=2

For T in Kev, p in Pa and n in 1019m’3, the formula (3.19) has the form:
i=nbulk
p/Ti=16-10m+ Y nT). (3.20)
=2

1

If nbulk = 1:
In this case GENRAY sets Z.¢r(p) = 1 and n1 (p) = p(p)/Ti(p)/(1.6-10%).

If nbulk = 2:
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In this case GENRAY sets Z.r¢(p) = Z» , n2(p) = n1(p)/Zo, using the plasma neu-
trality, and gives n1(p) = p(p)/T1(p)/(1.6-10%) /(1 +T3/Z,), using3.20.

If nbulk >3

a) If Zupuik 7 Znbulk—1
From equations (3.21), (3.22) and (3.23) we have:

Zett — Zuputk—1 + L2 70 Zputk—1 — Zi)

Mppulk = (3.21)
Znbutk(Znbulk — Znbutk—1)
bulk—2
. Zuputk — Zeg s — LioaP 2 Ziti(Zupwak — Zi)
Mnbulk—1 = (3.22)
Znbulk—1 (anulk — Znbutk—1)
nbulk
p=nT+ Z niT; (3.23)
=2
=n T +n anulk 2’\T+T n Zybulk— Ze/f Zl nbulk— 2Z”l(zrtbulkfzi)_’_
— A nbulk—1 lblk ) Zypulk— 1(anqu Zuputk—1) (3.24)
T n Zorr—Zuputk1 L2 20 (Zypak -1~ Zi)
nbulk1 Znbutk Znbulk—Znbuli—1)
Zupulk—Zeff Zeff —Znbulk—1
n (71 +T, o T, =p—
1T+ Toputi—1 7 ot otk —Zagti D)+ ’”‘lkanulk(znbmrznbulkfl)) P (3.25)
—sum3 + Topuik—1 suml — Tobuik sum?2 '
nou Zbutk—1 Znbutk—Znbuik—1) UK Z btk Znbutk—Znbulk—1)
We use the following definitions:
i=nbulk—2
suml = Z Zin[(Zn;,u[k —Z,‘), (3.26)
=2
i=nbulk—2
sum2= Y Zini(Zupui—1 — Z), (3.27)
i=2
i=nbulk—2
sum3 = Z n;T;. (3.28)
i=2
If nbulk = 3 these sums are equal to zero.
Eq. (3.25) gives the electron density:
— sum3+T, _ suml T sum?2
_ P + Tnbui  Z btk 1 Coutk— Zoabudi—1) nbulk Z i otk Zati—1) 399
np = . ( . )

Znbulk—Zeff Zeff —Znbulk—1
T T ‘NOU T
14 Dbt~ L Z btk -t Contrtc— Zouti) + NoUlK Z ik Zuatc—Zonputi—1)

With density in 10'°m 3, pressure in Pa, and temperature in KeV, then the formula
(3.29) has the following form:



CHAPTER 3. PLASMA COMPONENTS 18

sum?2
butk Znbutk—Znbutk—1)
Zeoff —Znbulk—1
butk Znbutk —Znbutk—1)

3 suml
p/(16 ’ 10 ) - sum3 + Tnbulkil Zbulk—1 (anulkfznhulkfl) B Tnbulk Zn

ny =

Zobutk—Zef
Ty + Tputi—1 ——25—4L

T
ot ot —Zoga), T Anbull 7

(3.30)
GENRAY calculates electron density n(p) using (3.30) and ion densities 7, (p),
npuik—1(P) using (3.21), (3.22).
b) If Zupuik = Znpuik—1
In this case the plasma charge cannot be arbitrary. It must be equal to the value de-
termined by equation 3.10. GENRAY will stop the calculation and will give a warning
in this case.



Chapter 4

Dispersion relations

GENRAY uses several different dispersion function models:

1) Magnetized cold plasma with electrons and an arbitrary number of ions.

2) Magnetized hot non-relativistic plasma with electrons and an arbitrary number
of ions. The distribution of each species is a shifted, two-temperature Maxwellian.

3)The Mazzucato relativistic approximation of the dielectric tensor for magnetized
relativistic electron plasma.

4) The Shkarofsky relativistic approximation of the dielectric tensor for magnetized
relativistic electron plasma.

5) The dispersion relations for non-Hermitian dielectric tensors proposed in [2].
This form of the dispersion function is realized for Mazzucato electron relativistic ten-
sor and for hot non-relativistic plasma

The switch id specifies which dispersion relation model is to be used. (Ref.4)

4.1 Magnetized cold plasma

For magnetized cold plasma, we use the following form of the dielectric tensor €qp
(Ref.3) (N.A.Krall and A.W.Trivelpiece, 1973) [4]:

€ ig
€ooldyy = | —I8 €L ) 4.1
g
€y = Eyy =€, Exy = 181, Eyx = —igL, €z = €|
szfulk o2
ps
g, =1- 4.2)
22’
H oot
Cof,e(l)ce i=nbulk mf;i‘”ci
§=——F">—5~ — (4.3)
o(®? — m2,) o(@? — o)’ '
ce i=2 ( ci
s=nbulk 2
—1_ ps
g=1- Y e 4.4

s=1

19
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Here, electron ®., and ion gyro-frequencies ®.; have the same sign. We can rewrite
the tensor components using (3.1):

s=nbulk
Xy
e =1- —, 4.5)
s=1 1— YTZ
XeYe i=nbulk XlYl
= + L 46
g 1-12 1:22 1—17 (4.6)
s=nbulk
g=1- ) X, (4.7)
s=1

Here electron Y and ion gyro-frequencies Y; have the same sign. We will use 0 to be the

angle between the magnetic field B and the refractive index N, cos® = (B - N)/BN.

For the given tensor, the dispersion relation (1.5) can be written in the following form:
id=1

Deota =AN* +BN* +C = 0. (4.8)
Here,
A =g sin”0+€3c05° 0, 4.9)
B=—g1e3(1 +cos’0) — (¢ —€3)sin’, (4.10)
C=¢e3(e3 —¢3), (4.11)

€1 =8€,82=g,83=¢§

The given tensor has singularity at the points of Y, sz = 1. To avoid these singularities,
we multiply all tensor elements by A = (1 —¥g). We can choose plasma designator 3
to avoid singularity along the trajectory. For example, if the ray can reach the electron-
resonance point along the trajectory, we choose 3 = 1 to avoid singularity at this point.

For some cases, it is convenient to rewrite the dispersion function so that it describes
only one given wave mode:

id=2

—B +ioxmv/B?% —4AC

Doota = N? — N =0. (4.12)

Here, ioxm = £1 determines the type of wave mode to be used.

4.2 Magnetized hot non-relativistic plasma (id=6)

4.2.1 General formula

For non-relativistic hot plasma, GENRAY contains hot dielectric tensor in the form
(T.H.Stix, 1992) [3]:



CHAPTER 4. DISPERSION RELATIONS 21

€hor, B(m k) a[i‘f’ZXsaﬁ 0) k) (4.13)

Here, the summation is the plasma species and susceptibilities s, X, ((1),?). For a
shifted Maxwellian distribution with different temperatures TSH parallel and T perpendicular
to magnetic field and the drifting velocity Vi(parallel to the magnetic field ), the sus-
ceptibilities have the form:

202, W2, ==

xs = €€ mka Vot =22 n;mexp(_xs)?n(xs), (4.14)
A, —in(l, —I,)Ay &g,
= . ! 2 / i - ’
Y\ = | in(l—L)An (5 L+ 2My—2M)A, S-(Li—1)B, | . (4.15)
k oy ik / 2(0—nQy
knhp, — 5 (I —1),By ,‘%W% )1,B,

Here,
Ve =< V| >s is the drift velocity ;

2Ty, . . .
Wy, =4/ m—? is the a perpendicular thermal velocity;
2T,
Wy = m—i” is the parallel thermal velocity;

Ty = (Ty, + 2Ty, ) /3 is the average thermal velocity;

T, . . .
tpops = % is the ratio of perpendicular and parallel temperatures;

2.2 2 202
Ao — kiws, _N Iy _ NiBstpops .
$ 0)%5 Y2 2 Ysz ’
»

Bs = Q is the normalized longitudinal thermal velocity;

Q; is the algebraic gyro-frequency; it has different signs for electrons Q, = —0,
and for ions Q; = ®; .

I,(A) is the modified Bessel function with argument A and I, = dI,,(X) /dA.

The coefficients A and B have the form;

1TL_TH 1 (o— k”V—nQ)TL—i-nQT”

"o Tk oT] (10
_ 1 (0on@)T (kv -nQ)T
o 0k VT, n0 (417
ki yw) o]
Zy = Z(L,) is the plasma dispersion function:
() = iv/msgn(ky) exp(—C3) — 28(y), (4.18)

g
S(©) =exp(~C) [ enp()d, @19)
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w— kHV — nQ
kel | it (4.20)
kiw)
We transform the formula (4.14) for the susceptibilities to the following:
2% Vo KT Y
Ksop = 8(1186127“ = +X Z exp(—As)Yn(As), @.21)
NH Bs Tpop; € n=-—e
) Pl cinlh—I)h GthB
Vo= oFy(h) = | inlln—1)Ay (ki 20y~ 2M)A, (1~ 1)By |,
oN, nly i ioN \B 20-m0); B,
B S h-1)B G LB,
(4.22)
Ay = 04y = (tpop_1) + W((l =Ny =12 )tpop +1-)20(Ga) (4.23)
1-n$ ’ .
+NLH( N\TBM (1= N )tpop +15)Z0(Gn)
1-N¥ —n2
- N Ty (4.25)

NiB

It is essential to note that GENRAY uses a positive sign for electron and for ion charges
Zs > 0. The relation Y; (3.1)of gyro-frequencies ®.sto wave frequency m has the same
sign for electrons and for ions. We have chosen this form for the cold plasma dispersion
relation (4.3). For the hot plasma of electrons, we use:

Q (0
) e (4.26)
() ®
but for the ions, we use:
Q; ; .
POy =2 nbulk. (4.27)
® o

The dispersion relation for hot non-relativistic plasma has the form:
id=6
D =Dyu(N|,N1, X, Y, T ,ipop) =0. (4.28)

Here, X =X, Y =Y, T =Ty, fpop = tpops» 8 = 1,...,nbulk.

4.2.2 Computation

Calculation of the dispersion function (4.28) must estimate the number of gyro-harmonics
used. We can estimate the number of harmonics using features of the plasma functions
Z(C,) and the product of the modified Bessel functions 7,(A) multiplied by exp(—A).

For a large value of the argument |x| > 1, the asymptotic part of plasma dispersion
function S(x) = Re(Zo(x)) (1.5) has the form:

1

S(x)zg.

(4.29)
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The number of necessary gyro-harmonics can be evaluated from the following condi-
tion:

1
1S(Cn)| = 0] > e, (4.30)
n
Here , €, is accuracy. The condition (4.30) gives |{,| < ﬁ:
\%4 Q |N|||B
1-N— — < —=—. 4.31
| e +n0)| - 2g, “.31)
Here we introduce,
. v _INIB @ v INIB Q
Aimin = min((—1+Nj—— 2! )/6),(—1+N||?+—2£ )5 (4.32)
n n
v INIB, @ v INIB, @
e = max((—1+ Ny~ - 22, /=), (—1+N||?+%)/6)). (4.33)
n n

The interval of the numbers n of the gyro-harmonics (determined from the plasma
dispersion function Zy(&,) ) has the form:

Nnin < N < Rpax- (4.34)

In particular, the number of cyclotron resonance harmonic 7. can be obtained from
condition Zy(E,,) = 0. This gives {,, = 0 and

V., Q

We can see that ne = 0.5(7pin + Rimay). The production exp(—A)I,(A) decreases sharply
as gyro-harmonics number 7 increases. This results in the additional condition for the
numbers 7 :

exp(—M),(A) > ¢&,. (4.36)

The code has parameter nmax (inside subroutine harmon_z)that determines the maxi-
mum number of modified Bessel functions calculated. Now this parameter is equal to
nmax = 3000. If || < nmax and |npme,| < nmax, the code calculates only npzqe =
max(|Rmin|, |Pmax|) modified Bessel functions. In some cases boundaries i, Or Rygy
can be larger than the parameter nmax. In such situations, the code changes n,,;, or
Nmax to the given parameter nmax. In this case, however, condition (4.34) will not be
satisfied.

After determination of the interval for gyro-harmonics (rin, Bimayx), the code cal-
culates the productions exp(—A)I,(A) from number n = 0 until n = min(Rpay, nx). At
each n, the code checks the condition (4.36). If for some number 7, this production is
smaller then the given accuracy exp(—A)I,, (A) < €, the code takes this number as the
maximum number of harmonics to be used.
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4.3 Magnetized electron relativistic plasma in Mazzu-
cato approximation

For relativistic electron plasma, GENRAY uses the approximation of the relativistic
dielectric tensor and the dispersion relation proposed and realized as the routines by
Mazzucato (E.Mazzucato et al., 1987) [5]. This tensor contains Hermitian and anti-
Hermitian parts. It can be used for calculation of propagation and absorption of waves
in the electron cyclotron region. The dispersion function for the Hermitian dielectric
tensor has the form:
id=4
Dyaz(N |, N 1, Xe, Yo, To). (4.37)

4.4 Magnetized electron relativistic plasma in Shkarof-
sky approximation

For the relativistic electron plasma, GENRAY has the opportunity to use approximation
of the relativistic dielectric tensor and the dispersion relation proposed and realized as
the routines by Shkarofsky. This tensor contains Hermitian and anti-Hermitian parts.
It can be used for calculation of propagation and absorption of waves in the electron
cyclotron region. The dispersion function for the Hermitian dielectric tensor has the
form:
id=7
Dg(N |, N 1, Xe, Ye, To). (4.38)

4.5 Ono dispersion function for fast waves.

For fast waves the code can use the dispersion function in the M.Ono (1995) [17]approximation
for the wave frequencies ® in the interval Q; < ® < @y y. To use the Ono dispersion,
choose the option id=8. This dispersion relation works for the analytical and numerical
derivatives.

The high harmonics fast wave (HHFW) dispersion relation was obtained from a
nontrivial solution of the determinant of the wave equation tensor for Maxwellian plas-
mas [3]

K —nf —iKye  Ketnin
det iKye Ky —nj—n} iKy, =0 (4.39)
Ky +nin —iK,y, K. — nﬁ_

It assumes that the wave frequency is high compared to the ion cyclotron frequency,
but well bellow the electron cyclotron frequency. Finite Larmor radius (FLR) effects
on electrons A, ~ (m,/m;)A; < are neglected. The terms that contribute to the electron
damping are the n=0 terms in the Ky, Ky,, K;, and K, elements of the dielectric tensor.
For the present case, it is sufficient to keep the lowest order terms in A,. If we neglect
the ion FLR terms the dielectric tensor are simplified to
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Xe Xi
Koo =145~ 4.40
XX Yez ; 1 _ Yiz ( )
X, XY,
Koo = =4+ 4.41
7 Z 1 (4.41)
X, V.

Kyye = Ky +12 ﬁ JT;ZO (¥0) = Kexe + 12 8 (4.42)

e

Vi, = \/2T5/ms, 6 = e,i

o Xe Vre

=17
m Yez cny 0()’0)
L e
D Ve
o XVE s 4.43
xze = —NLN ; m =nyn| (4.43)
X,V
5= — Z A
~(1— YiZ)zcz
2
Kmn, Mg 8K (4.44)
Y 2c%Y,
and 2 2
X.c” dZo(yo) Xec” dZo(yo)
R
5. _ VEen
T 2cy,

Here Y, and Y; have the same sign.
The dispersion relation can be rewritten in the following simple form

Koo — nﬁ —iKyye nin| (1+9)
D =det iKye Kexe — nﬁ —n%(1=8,) —in &K, | =0  (4.46)
nyn(1+39) in| 8K, K, — nf_

The above determinant is convenient for solving for n for given n| and o, since all

K's and &5 are independent of n . It has a form

D=an' +bn? +¢c=0 (4.47)



CHAPTER 4. DISPERSION RELATIONS 26

where

a = [(nf — Kae) —nf(1+8)*)(1-8,)

b= —K3 — & (nf — Kuxe) Kz — (1] — Kxae) (1= 8) Kzt

+26xi’l|| (1 + S)Kzzeryc + (nﬁ - Kxxc)z_
—nﬁ(l + S)Z(nﬁ — Kixe)

¢ = [szyL - (nﬁ - Kxxc)z]Kzze

The subscripts “c” and “e” denote cold ions and kinetic electrons.

Thermal velocity Vrg = +/2T5/m, BBVTT; — ‘Z/LT:
The simplified dielectric tensor has the form

€11 = Kuxe €12 = —iKyye €3 =nnd
€1 = inyc €2 = Ky + niam €3 = _inLSXKzz (4.48)
€31 = nlnHS €30 = in | 0K, £33 =K,

To calculate the right hand side in the ray-tracing equations we need the derivatives
from the dispersion function D.
The derivatives of the dispersion function with respect to space coordinates

D _ y 9D 08 dn, | O 0y 98ij X | 98ij s | 9ij ITs
ar = Lijge;lan, ar T am, o TXolax, o tan o tar o)t
oD o, |, 9D 97|
Ton, or T om o
(4.49)
oD _ D (9€ij In,  0e; I 08 0Xs |, 9% 0¥ , 9€i; OT,
% = Lijde; o0, o= tam o T Lolat, o Y e T ac )t
oD 9n, | 9D 97
Ton, o Tom 3
(4.50)
oD __ oD 08 on, , Og;jon| 9g;; oX, 08 oYs , 9€i; T,
% = Lij g, lon. 30 + MW"'ZG(WBBT;; + v, 3 ot A It
oD on, | 9D 97|
o 90 T o 30
(4.51)

The derivatives of the dispersion function with respect to refractive index coordi-
nates are
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9 _y . 9D [?%n_L g?«ug"n]
ny L €;jton, ony nH ny
LDy | DI (4.52)
on, on, anH on,
—y, D% | % a"u]
anz L] de;jlon, on; on dn; (4.53)
L 9D 3D any| ‘
anJ_ anz anH anz
_ D [0€ij dn, | O&;; I
Lij e (3w, Gy T 3w ) T @54
43D dny | 9D 9 '
on; dm ' dnj om
The derivatives of the dispersion function with respect to frequency are
_y. 9D rO8;dn, | 0 on 08ij 0Xg | 9% Vg
Yij 5e;;an; 30 T o, 90 T Xolax; 36 + av, a0 )T 4.55)
LA on M ‘
anj_ I anH a(,t)

The dielectric tensor elements are functions of the five parameters €; ; = €; ; (7, 7, T.n 1, ”H)
The derivatives of the dielectric tensor elements with respect to X, ;, Y., T.; and the
refractive index components N, N have the following form

8811 _ L 8811 _ 1
X, "Y' K T I-r?
€11 _ 22X, @ _ 2XY
aY, Y3 oy, (1- le)
€1 __ () %€ _
5 =0,51 =0 (4.56)
dg
al’lj_ _
8811
an =0
depp ;L g _ i Y
) AN L .
den _ - Xe Ogip _ 1+y?
w, — vy, T lX’(l Y2)?
dEp _ ) % _ 4.57
%€ _
al’lj_ _ O
0€n =0
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=05 =—nn (1- ‘;ii)z 2

= 0.5 = —num 5

88871‘63 —0, 388%13 =—nn| (17);[2‘/)%62% (4.58)
gi—lj = nHS
%13 _ n,d

8822 8811 2 1 Vre c _ 0gqy 2 5_m dexyn _ 0gq
aX +nJ_ Y2 edi ZO(HHVTe) - aXe +nJ_ Xe aX[ - aXi
0 8811 52 2X V. c _ dex 228 dey _ deqy
. = ot My G = o LY o =
dey a811 +n? Xe(VTe Zo(yo) L@L) dey _ dgqg
oT, — J_YZ eny 2T, nﬁ yo 2T, /7 oT; — OT;
0y 8811 Xe Vre @
I = T2 e 20 ) = Gt 201 8m
dp _ ey | 2 X Vi, | ViedZy c —%en _ 2 (% X dZy
anj — om T LR enf <0 emy o "nVTe] an M1 +Ye2"ﬁ %)
(4.59)
de33 _ _L_zﬁ — —Ke o _
X, nj Vi dyo — Xe 2 0Xi T
0833 _ () 9833 __
on = =)
des3 . X, ¢ dZO()’O) _ o dZy c 0€33
i, — "2\ o VE g vt ) ot =0 (4.60)
de33
BnL - O
dex3 _ X, 2 dZy 4 X2 d*Zy ¢
on i Vi, o " miVz, dyg njVre
@ _ 2z 2 0 K. ey
w = in Oy w = in Oy ﬁv%e i SXX e =0
aae% = inJ_ xKZZ? 8823 =0
e
0g , as oe
8—72}_,3 — _an_(S KZZ +6x 33) ar12~3 - 0 (461)
gfff = —1(8 Kzz+nL8xa£33)
dey; 3833
Iy mL("n Keet0:5:7)
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5
98y _ %t
on| on|
5=
o = o
der _ dei3
s _ oo
o _ e
on| T dn
e =~
T
de3 _ _ dex3
on| on|
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(4.62)

(4.63)

(4.64)

The derivatives of the refractive index with respect to the space coordinates are

where,

1
or b

m
n = (bon.+bn, +b¢7)/b

ng =m/r

m
n* = nl+n;+ (7)2

b= /b2 +b}+Dby

ob

ob, ob, oby
(bry + bzg + b¢§)
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% 5"ag g Ty

on 1, m?

o~ nlA)
on
a—ZZO
on
%*0

%7 1 0b, ob, dbym dbym. njdb

L R e R =L »

%—l(% +% +ab¢m)___
dz b aznz aznr dz r b 0z

on 1 db, ob, oby m

3 53" 3" ) D%

oy _ b
on, b
oy _ b
on, b
oy _ by
om rb
on, 1 on on|| 1, m? on|

o o M) T )

on, 1 dn %)__L( %)
9z  n, naz " oz’ n, " 0z
on, 1 on on|| 1 on|
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on L( _ %)
on, n, tr "”an,

P L2l
on. n, " nHanZ

oy _ Lm0

am a2 am)

The dielectric tensor element K, ,.depends on the derivative of the plasma dispersion
function dZy(yo)/dyo.The real part of Zy function has the maximal and the minimal
values at yg equal to the critical value yg = yo, = £0.924 . The right hand side of the
ray-tracing equations contains the first and the second derivatives from Zy(yg). These
derivatives change the signs near yo... This creates problems when the ray trajectory
goes through the points with yg close to yo.,. To avoid this problem the code can change
the type of the dispersion relation from the Ono dispersion, id=8, to the cold plasma
dispersion relation, id=2, in the vicinity of yo.,. For the option iswitch=1 the code will
use cold plasma dispersion for | yo — 0.95 x sign(yo) |< 0.03.

4.6 The dispersion relation for non-Hermitian dielec-
tric tensors.

We used the dispersion relation for non-Hermitian dielectric plasma proposed in [2].
This form of the dispersion function is realized for the Mazzucato electron relativistic
tensor id=5 and for the hot non-relativistic plasma id=9.

For the plasma with non-Hermitian dielectric tensors € # €/ the dispersion relation is

0=D(k,0,7,1) =dere(k ,0,7,1)=P(k,0,7,1)+iQ(k,0,7,1) (4.65)

Here the function D has non-zero imaginary part. The equation 4.65 gives a couple of
the equations for the real functions

P(%,0,7,1)=0,0(%k,0,7,t)=0 (4.66)
In this case we have two equations for one function ® = 0)(?, 7,t) so this system has
not the solution. In [2] it was proposed to introduce the complex frequency Q = 0+ iv
with small imaginary part v < . In this case the condition, that the determinant of the
wave amplitude system should be equal zero, gives the equation

D(?,m+iv,7>7t) :detﬁ(?,eriv,?,t) =0 (4.67)
For small v this equation can be approximately written as

D(%,0,7,1)+iDo(k ,®,7,t) ~ 0 (4.68)
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Using the real and imaginary parts of D 4.65 in 4.68 we get

V=P/Qw=—0/Py (4.69)
Let - - -
o(k,0,7,t) =P (k,0,7,1)+0*(k,0,7,1) (4.70)
From 4.69
Py =2PPy+ Q000 =0 4.71)
Equation 4.71 is the dispersion relation that determines ® = 0)(77 7 ,t). This disper-

sion function 4.71 is used in the ray tracing equations.

4.7 Change in the dispersion function along the ray.

In some conditions the ray trajectory reaches a point where the dispersion function does
not permit the trajectory to go through this point. For example, this can occur for hot
plasma when the trajectory goes through the gyro-resonance area, where the dispersion
relation has points of bifurcation or conversion from X to EBW mode. In this case the
code can change the form of dispersion function used. The code changes:

a) the dispersion function used in ray-tracing equations ;

b) the formula for absorption calculations.
Away from the resonance point, the dispersion relation and absorption are specified by
parameters id and iabsorp given in the input genray.dat file. If iswitch=1, the code
changes these parameters to idswitch and iabswitch in the vicinity of the cyclotron-
resonance points |1 —nY;| < dely,n = 0,£1,£2.... The type of plasma species j is
determined by parameter j =jy_d. Parameters iswitch, jy_d, del_y, idswitch and
iabswitch are given in genray.dat file. Parameter iy_d can be equal =1 for electrons
or jy_d=2.,...nbulk for ions.
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Wave power absorption

Wave power P along the ray trajectory can be found in the following formula:
7y
Here [ is the vector directed parallel the trajectory, [ is the distance along the

ray, P(0) is the wave power at launch point. The integral is calculated along the ray
trajectory.

l —_
P(1) = P(0)exp(—2 /0 Im(F)d 5.1)

N
mk)-V ImN -V ImN,V,
T)-dT = L)WdT _OImN - Ver 7 _ Qu[ﬂp. (5.2)

Im(
Ver c Ver c Ve,

i ¢r 1s wave group velocity, Vg, is the poloidal component of the group velocity, Ve, is
group velocity perpendicular to the magnetic field.

To calculate wave absorption we need to know the imaginary part of perpendicular
refractive index ImN;. GENRAY has several possibilities for calculation of ImN | .
For calculation ImN |, the code uses the anti-Hermitian parts of different forms of the
dielectric tensor. The switch iabsorp allows various choices.

5.1 Mazzucato approximation of the relativistic dielec-
tric tensor for electron plasma
(iabsorp=1)

In this case the code uses the Mazzucato solver[5] for determination ReN | +ilmN |
as a root of dispersion relation Dysq;(N|, ReN | +ilmN| X,, Y., T,) = 0.

5.2 Anti-Hermitian relativistic dielectric tensor for elec-
tron plasma

(iabsorp=6)

33
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5.2.1 The tensor formula.

In this case we use the numerical calculations of anti-Hermitian dielectric tensor €, for
electron plasma with relativistic Maxwellian electrons (R.W.Harvey et al., 1993)[6],
using formulas given in (M.Bornatici et al., 1985) [?],

~ 2 = kv  no
erelativista = Z /d3PU §<n 8( % - Tce)v (53)

n=—oo

where,

nwcea_f+N pL dof

1
UM (f) == [ (5.4)
(f) Yyl ® dpy Fne apH
nJy :, nJ?
pL(g)? —ipy Il M
50 = ip, nJZJ” )2 (J;l)z lp”J J . (5.5)

J2 . /
L A

Here, o, is rest mass electron cyclotron frequency, m is electron rest mass, p is mo-
mentum, u = p/m is momentum per unit mass, Y= +/1+ (p/mc)? is the relativistic
factor, v = p/ym is velocity, symbols || and L refer to direction with respect to ambient
magnetic field, and f(p,, p”) is the relativistic electron distribution function normal-
ized to [d3pf = 1. Bessel function J,,(b) and its derivatives J, = dJ,/db at argument

= | kp, | measure the ratio of the electron Larmor radius and the perpendicular wave
length Tensor 5 s represented in a Cartes1an coordinate system with the z-axis
along magnetic field B and y -axis in the & x B -direction. Here n is the number of
the gyro-harmonic.

It is convenient to introduce normalized momentum p = p/mc, functions g (f@Lp))=

) 55, 7
mcU™(f(p,.py) and S (p,.py) = T For variable y = /14 P2 b =
N.p/|Y| (2?signof Y),

=) = =y b af _ of
U (fpL.p))=— [nYs=—+NPL—|- (5.6)
— > ndad, Yy
e | PLOR? S B
s = lﬁi% PR P, | (-7
PP M —ip|P1Indy ﬁﬁ‘lr%
~ 5 _ w3 _ _
Erelativist, = mc Z /d pU PJ_,p“))S (pLap\\)S(Y_N\\p\\ _nY)/pJ_'
oo
(5.8)

The relativistic cyclotron resonance condition is:

'Y—N“ﬁH —nY =0. 5.9
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We calculate the anti-Hermitian part of the relativistic dielectric tensor for the normal-
ized relativistic electron distribution function f , [ dpf = 1. The dielectric tensor 5.3
for the normalized distribution function is

n=co
Erelativista =—nX Z f(n) (5.10)

n=—oo

=)
1) = (me)* [ 5T (£)S (v Nypy —n¥) /P, =

), =)
— 2n(me)? [dp, dp T QS 8(y—Nypy—nY) = (5.11)
=2nfdp,dpT" (F)S 8(y—Njp—nY).

Here delta function 8(g")) in 5.11 has the argument:

=

g™ (p..p)) =v—Njp| —nY. (5.12)
The derivative from the g(") by p is:

ag" PNy
A . (5.13)
aP|| Y

Here we introduce the tensor:

=(n)

FO5,.p) =20 (F(B1.7))S (BL.7))- (5.14)
The expression 5.11 can be rewritten using 5.12, 5.13 and 5.14:
"= f(()’” (P P))dp L dp8(s" (P 1. 7)) =

5n) = =)=
Py F® (.. (PL) (5.15)
= d _ k
Jo AP Tic12 528 (L7, P

Here, p, (P ) are the roots of resonance condition 5.9. For different cyclotron reso-
nance conditions, the sum over index k has one or two terms, and the upper integral

limit 5 can be finit _(n) _ Njelri-r finite " = oo number. We introduce th
mit p, & can be finite p, = — or infinite p|, | = > number. We introduce the

tensor: ( )
) F" (3.5, (P1))
G (p,) = — _i',’;) — (5.16)
|55 8(PL Py, (PL)I-
The final formula for €, is:
g=-nx Y 1", (5.17)
P, ~(n
= ["ap, ¥ 6w, (518)

0 k=12
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20" (7 (PL.Py) <o

A0 _
G, (P)= - (7.7, ) (5.19)
' 52877 (7)) 8

W5 = \/ 1+ @2+ (0 (5L (5.20)

We calculate anti-Hermitian relativistic tensor E,ela,ivis,a numerically on the p | mesh.

For iabsorp=6, GENRAY calculates the imaginary part /mN | using the Hermitian
part of dielectric tensor 4.13 for the hot non-relativistic plasma and the anti-Hermitian
dielectric tensor 5.3

ImD (N I ;ReN J_ﬁ/éhotH + l%\relativista)
) = .
dRe(N|) D(NH 7ReNJ_7€Ith)

ImN,| = (5.21)

Here, 5;,0;,1, =0.5(€h0r +§£§,) is the Hermitian part of the hot non-relativistic dielectric
tensor.

5.2.2 Cyclotron resonance curves

The cyclotron resonance condition 5.9 gives resonance curves at (p L,ﬁH) plate. The
resonance curve can be an ellipse, parabola or hyperbola . The resonance curve is the
solution of the equation:

Y=N|p+nY. (5.22)

This equation gives the following conditions:
N”ﬁH +nY >1>0, (5.23)
PL(1=NJ)=2Npyn¥ +p7 =n’Y> —1. (5.24)

For Nﬁ # 1, the resonance curve 5.24 can be rewritten in the following form:

2y2 2
NynY nY-+N;—1
2. 2N (= Il 2, =2 _ p2: Il
Assign(1—Nj)(P) _1——Nﬁ) +P7] = R-sign( 1—NH2 ) (5.25)
where
,  mYPENi -1
R =|——F—|, 5.26
——— (526)
i (5.27)
If NHZ < 1, the resonance curve 5.25 is an ellipse:
If n2y?2 —|—Nﬁ —1 >0, equation 5.25 has no solution.
If n2y? —|—Nﬁ — 1 >0, the ellipse resonance curve is:
_ NynY
) - IJNﬁ)Z 7
—_ 4+ —==1. 5.28
@R o
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The two roots of equation 5.28 are:

2 2y2 _ 2 1\52
. NnY & \[NF +m2Y2 — 1+ (N} = )P}

Py (pL)= 5.29
P\, (L) 1 _N||2 ( )
These two roots exist for the following p | values:
2Y2+N? -1
— (n) n parallel
0<p, < = . 5.30
<PL=P], - Nﬁ (5.30)
If NH2 > 1, the resonance curve 5.25 is a hyperbola:
_ NynY
@1- i) 5
[ jn
—— = =1 (5.31)
&R
This equation has only one root which obeys condition 5.23.
If NH > 1, the root of equation 5.31 is:
— 2 4 2y2 2 1)52
505 ):NH”Y NP+ -1+ (V- D (5.32)
P, \PL 1 _Nﬁ ) .
0<p,| <o, (5.33)
NynY — /N +n2Y2 -1
P (pL) > P (pL=0)= : (534)
fl2 ML 2 VL 1— NH2 ‘ '
If Ny < —1, the root of equation 5.31 is:
NinY -+ \N? +02Y2 1+ (N = )P
P (pL) = : — (535)
v ML 1 _Nﬁ ’
0<p, <o, (5.36)
. ) NynY + /Nj +n?Y2 —1
—\n) /— —\n) 1— _ _
P, (PL) <P (PL=0)= N : (5.37)
For Nﬁ =1, the resonance curve 5.24 is transformed to a parabola:
2NjpynY =p1 —n’Y> + 1. (5.38)
If nY <0, equation 5.40 with condition 5.23 has no solution. .
If nY > 0, equation 5.40 with condition 5.23 has one root.
—(n) (= |
P (PL) = 5 (BF —n?Y241), (5.39)

ZHYNH
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0<P, <oo. (5.40)
For NH = 1,

(L) 2P (P =0)= Far VD). (5.41)
For Ny = —1,

ST -0 e o

5.2.3 The distribution functions.

GENRAY has the several possibilities to choose the form of the relativistic electron
distribution function. The option i_diskf (set in genray.dat file) determines the form of
the used distribution.

Analytical relativistic Maxwellian distribution (i_diskf=0). In this case the code
uses the analytical relativistic Maxwellian distribution with the radial electron temper-
ature profile.

1 —
fm (9) eXp(—G’Y) = me(evy)v (5-43)

- 4rtm2cTK,

T(6.1) = gy ©XP(—67) = exp(8(1-7) (544

0
K, (0 41K, (0)exp(0)
This function f,, is normalized [d>pf,, = 1. Here, T(p) is the electron temperature,

0= ’”T”z, K> is the Macdonald function. For the Maxwellian distribution 5.44, function
5.6 has the form:

) — 7,67, 3
o' ><fm<m,m>>:—“yzf (nY + Ny}, (5.45)

Relativistic distribution specified on a mesh, from diskf file written by CQL3D
(i_diskf=1). In this case GENRAY reads the mesh 3D distribution from the ASCII
file diskf and creates the function that approximates this mesh distribution.

Relativistic distribution specified on a mesh, from netcdfnm.nc file written by
CQL3D (i_diskf=2). In this case GENRAY reads the mesh 3D distribution from
netcdf file netedfnm.nc and creates the function that approximates this mesh distribu-
tion.
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Model analytic relativistic non-Maxwellian distribution (i_diskf=3). In this case
GENRAY creates the model distribution, using the input variables from namelist /read_diskf/
in genray.dat file.

S, %, p) =n(p)(1—rtail — rhot — rbeam) f,,(T (p)) + rtail x fyqi1 + rhot x fio + rbeam fyeam
(5.46)

Where n(p) is the electron density radial profile, f, is the normalized Maxwellian

relativistic electron distribution with the electron temperature radial profile, [ f,,d*v =

1, fiqir 1s the tail distribution, fpeq, is the distribution created by beam, fj,, is the tail

distribution , rtail, rhot and rbeam are the ratios of the tail, hot and beam densities to

the total plasma density.

The tail distribution

Srait = CraH (P, rt1,rt2) * f, (1t ail) (5.47)
Where H(x,x1,x2) is the box function
| LixC(x1,x2)
H(x,x1,x2) = { 0,x ¢ (x1.x2) (5.48)

rt1 and rt2 are the normalized small radii for tail localization, f, (¢ttail) is the relativis-
tic Maxwellian distribution, t7ail is the tail temperature.
The beam distribution

mc? (pH — Pbeam, )2 + (pi - pbeamL)z

Sbeam = CbeamH (P, rb1, rb2) x exp(— Tethoam (mo)? )
(5.49)
e
Pbeam = M beam (5.50)
m
pbeamH = Pbeam COS ebeam., Pbeam|, = Pbeam $in Opeqm (5.5D)

Where rbl and rb2 are the small radii for beam localization, theam is the beam com-
ponent temperature,0p.,,,=thbeam (degree) is the beam pitch angle.
The hot function approximates the distribution created by the quasi-linear RF heating

Jnot = chotH(p, rh1, rh2)H (epar, hotmnpar, hotmxnpar)H (epar, hotmnper, hotmxnpar)

2
h 1 2 (P 2 2
(&) mexpeXP(—z(,hZ’,i,a, (%) + th’;tcper (%))

(5.52)
Where rhl and rh2 are the small radii for the hot component localization, thotpar
and thotper are the parallel and perpendicular temperatures of the hot component,

V2 2
epar=(\/ 1+ C—! —1)mc?, eper = (1/ 1+ % — 1)mc? are the parallel and perpendicu-
lar energies, (hotmnpar,hotmxnpar) and (hotmnper,hotmxnper) are the boundaries
of the parallel and perpendicular energy boxes hotmnpar< epar <hotmxnpar, hotm-
nper< eper <hotmxnper.
The tail, beam and hot distributions are normalized to unity [ fiid*v =1, [ freamd’v =

19 ffho[d3v: L.
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5.3 Anti-Hermitian dielectric tensor for hot non-relativistic
electron-ion plasma
(iabsorp=4)

For iabsorp=4 , GENRAY calculates the imaginary part /mN, using the dielectric
tensor 4.13 for hot non-relativistic plasma.

ImD(NH ,ReNJ_,Ehm)

p) — .
dRe(N|) D(NH aReNJ_,ShmH)

ImNL:

(5.53)

Here EhmH =0.5(€h0r +§,{g‘,) is the Hermitian part of the hot non-relativistic dielectric
tensor.

5.4 Fast wave absorption

iabsorp=3

For fast waves, the code can calculate the imaginary part on the perpendicular com-
ponent of the refractive index ImN | using results from (S. C. Chiu et al., 1989)[8]. The
code calculates electron and ion absorption separately ImN| =ImN |, +ImN|,.

5.5 Lower hybrid wave absorption

iabsorp=2

For lower hybrid waves, the code can calculate the imaginary part of the perpendic-
ular component of the refractive index ImN | using the results from (P. Bonoli, 1984)
[9]. The code calculates the electron ImN |, ion ImN |, and collisional ImN | , absorp-
tion separately giving total absorption ImN| = ImN| +ImN,+ImN, ,.



Chapter 6

Stochastic wave scattering

The code has the capability of switching on the stochastic scattering of perpendicular
refractive index N ;. For example, this can be used for modeling the scattering of
low hybrid waves by drift-wave density fluctuations (P.L. Anderson and F.W.Perkins,
1983) [10]. We use angle scattering of refractive vector N 1 in the plate perpendicular
to the magnetic field B in small radius points p,. along the ray trajectories. If the ray
trajectory passes this radius or the ray is reflected from the plasma boundary, then polar
angle 9 will be scattered with the deviation \/20.(Psc)

AD = 1/26,.L. 6.1)

Where :
U is a polar angle in the plate perpendicular to the magnetic field ;
£(0,1) is the random number with normal distribution M({) = 0, M(£?) = 1;
Osc(p) is the given angle dispersion.
The input parameters for N 1 angle scattering are:
iscat is the switch of the scattering:
iscat=1 to switch on the scattering, =0 to switch out;
nscat_n is the number of the small radius points at which the code will scatter N 1
this parameter is given in param.i file;
scatd(0) is the mean square scattering angle (radian?®) for the reflection near
the plasma boundary;
rhoscat(1:nscat_n) are the small radii for the scattering location;

scatd(i)=0(rhoscat (i), i=1,...,nscat_n are the mean square scattering angles (radian?®)

at the small radii.
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Wave launch and reflection

The code has several possibilities for ray launch. It can launch a ray from a vacuum
point outside the plasma or from an interior point inside the plasma. The switch istart
chooses the launch method.

7.1 Ray cone

istart=1

The cone pencil of rays launched in the vacuum outside the plasma is a model of
the ECR launch. In this case the rays are launched on a set of circular cones with the
same cone vertex. All cone axes coincide with one central ray.

The input parameters for the cone are in genray.dat file:

1) (rst,phist,zst) are coordinates (r, ¢, z) of the cone vertex. Here, lengths rst, phist
are in (m), the toroidal angle phist is in degrees.

2) The direction of the central ray, going from the cone vertex, is given by two
angles (in degrees):

alfast is toroidal angle o of the central ray , measured counter clockwise around z
axis;

betast is poloidal angle B of the central ray, 3 is the angle between the central ray
and the plate z = const.

The refractive unit index N of the central ray has the coordinates :

N, =sin(m/2 — B)cosa, Ny = sin(n/2 — B) sina, N; = cos(n/2 — B)

3)The specifications of the cones are:

alphal is angle width of the power distribution (the maximum cone angle) mea-
sured from the central ray;

nal is number of cones (if nal=0, the wave cone consists from the central ray
only);

na2 is number of rays per cone;

alpha2 is cone angle;

total number of rays i,,,=nal*na2+1.

4) Power distribution among rays:
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The total power from antenna is powtot (MWt). The power distribution over cone
angle o has the following form:

o
P(o) :Poexp(—Z(&)z). (7.1)
Distribution 7.1 is normalized on the total antenna power:
a=alphal
/ P(a) sinodo = powtot. (7.2)

a=0

For the cone pencil, the code calculates the coordinates of the intersection of each
ray cone i = 1,..,i,4y With the plasma boundary (Roi-9oi,z0i)- At the points of inter-
section (Rg.9,z0), the code calculates the toroidal Ny and poloidal Ng components of
the refractive vector.

Ny = —N, sin@g + Ny, cos @, (7.3)
d . v .
No = (—a—\zll(Nx cos @ + Ny sin@g) + a—\f sin@g)/|Vyl. (7.4

Here , the derivatives from the poloidal flux y are taken at the point of intersection
(Ro-90,70)-

7.2 Approximation of grill antenna launch.

istart=2

The rays are launched from points interior to the plasma, since the wave mode may
be evanescent in the immediate vicinity of the low density plasma edge. The spectral
distribution of the rays is specified parametrically. The parameters of the grill are given
in genray.dat file.

7.2.1 Location on the grill.

Location on the grill is determined by the following parameters:

ngrilla (in param.i file) is the maximal total number of N spectra used for setting
of the arrays,

ngrill (<ngrilla, given in genray.dat file) is the total number of N|| spectra to be
used; i = 1,...,ngrill are the given N|| spectra. The different spectra can have the same
or different poloidal locations.

rhopsiO(ngrill) is the initial small radius p; for the front wave of each grill spec-
trum;

thgrill(ngrill) is poloidal angle 6; (degrees) of each grill measured counter clock-
wise from the horizontal through the magnetic axis;

phigrill(ngrill) is toroidal angle @; (degrees) of each grill;

height(ngrill) is poloidal length #; (m) of each grill (giving the poloidal power
distribution of each grill);

nthin(ngrill) is the number of rays simulating a grill.
The space power distribution is determined by the following variables
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powers(ngrill) is power in one grill (MWatts). The total power is powetot=Y rlm powers(i).

The form of the grill spectrum is determined by the following parameters:
The code has the several types of the refractive index setting. The variable i_n_poloidal
chooses the type (see latter).
For i_n_poloidal=1,2,3 cases:

anmin(ngrill) is position of left bound N . of the power spectrum P(NH); it can
be negative;

anmax(ngrill) is position of right bound N, of the power spectrum P(N)); it can
be negative;

nnkpar(ngrill) is number of points of power spectrum P(N));
For i_n_poloidal=4 case:

antormin(ngrill) is position of left bound Ny, of the power spectrum P(Ny,Ng);
it can be negative;

antormax(ngrill) is position of right bound Ny, of the power spectrum P(Ny, Ng);
it can be negative;

nnktor(ngrill) is number of points of power spectrum P(Ny,Ng) in Ny direction;

anpolmin(ngrill) is position of left bound Ny, , of the power spectrum P(Ny,Ng) it
can be negative;

anpolmax(ngrill) is position of right bound Ny
it can be negative;

nnkpol(ngrill) is number of points of power spectrum P(Ny,Ng) in Ny direction;

of the power spectrum P(Ng, Ng)

max

7.2.2 Power distribution along one grill.

Poloidal angle 6 along a grill with the number / is in interval (6, ,6;,,). Where
0 =0;+0.5A6;, 0 =0, —0.5A06; and

AB; = 2arctan(0.5h;/p;) = hi/pi. (7.5)
We use the following power Py;() distribution along one i grill
Poi(8) = po;cos(n(0 — 6;)/1\;). (7.6)
This distribution Pg;(8) is normalized on powers(i)

1 eimu,x
26, /e~ Poi(8)d0 = powers(i). (7.7

Imin

For each i grill we introduce poloidal mesh
0;j =0; —0.5A0;+ (j— 1)A8;/(nthin(i) — 1)), j = 1,...,nthin(i). (7.8)

The codes has several possibilities to set the initial refractive index. The index i_n_poloidal=1,2,3,4
(see latter) chooses the type of the refractive index setting.
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7.2.3 Power spectrum.

Power spectrum over parallel refractive index.

For the cases i_n_poloidal=1,2,3 one of the input variables is the parallel refractive
index N|. Hear we describe the used forms of the power spectrum over the parallel
refractive index Py (NH ). For one i grill, the parallel component of refractive vector N, ‘
is in the interval (N, ,N|, ), where N, = anmin(i), N, = anmax(i). We use
two different forms o?l'f)ower spectrum: "

if igrillpw=1
Pyi(N)) = pwi. (7.9)

if igrillpw=2

. 2
sin(x) 2n
Pyi(N)) —PNi( ) X = ANH’_(NII = N,)- (7.10)
Here, AN, = Ny —=Np, Ny = 0.5(N||l.mux +N), ) is the center value of Nj. The

power spectrum 7.9 and 7.10 are normalized at unit

. / M i (N AN = 1 7.11)
wi(N)dN) = 1. :
AN, M=y o

For each i grill we introduce uniform N mesh:
N, = anmin(i) —|—nhNH_, n=1,...,nnkpar(i) (7.12)

Where hy = (anmax(i) — anmin(i)) / (nnkpar(i) + 1) is the step of this mesh.
if igrillpw=3
N —anmin(i) ,

PN,‘(N”) sziexp(( ) (7.13)

anmax(i)

This power spectrum is normalized by unit using eq.7.11.

Power spectrum over toroidal and poloidal refractive indexes.

For the cases i_n_poloidal=4 the refractive index N is set by its toroidal and poloidal
components Ny, Ng. Hear we describe the used forms of the power spectrum over
the toroidal and poloidal refractive index components Py (Ny,Ng). For one i grill, the
toroidal and poloidal refractive vector components are in the intervals Ny C (No; . » No,,.)
,Np C (Neimin ; Ne,, ..

anpolmin(i), No, = anpolmax(i). We use two different forms of power spectrum:
if igrillpw=1

), where No, = antormin(i), Ny, = antormax(i) and Ne, =

Pni(Ng,No) = pni. (7.14)
if igrillpw=2
Pyi(Ny,No) = pnifs (No) fo (Nao) (7.15)
_ (sin(x) 2 _2n
Jo(No) = (—x ) = AN (No — Noy,) (7.16)
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. 2
EW@—C%”)J—E%WFW%) (7.17)

Ne0 =0. 5(Nelmwc +Ne ) are the center values of Nq, and Np . The power spectrum
7. 14 7.15,7.16 and 7. 17 are normalized at unit
¢lmwc imax
— Pni(Ny,No)dNydNg = 1. 7.18
ANq,lANe /1v¢ /Ne Ni (Ng, No)dNydNg (7.18)

Imin

For each i grill we introduce uniform (Ny,Ng) mesh:
Noi yor = antormin(i) +ntor x hy,,, ntor =1, ...,nnktor(i) (7.19)

Ny = anpolmin(i) + npol x hNe,-v npol = 1,...,nnkpol (i) (7.20)

i,npol
Where hy, = (antormax(i) —antormin(i))/(nnktor(i)+ 1) and hy, = (anpolmax(i) —

anpolmin(i))/(nnkpol (i) + 1) are the steps of this mesh.
if igrillpw=3

Ny —antormin(i) .,  Ng — anpolmin(i)

Pyi(Ny,No) = pniexp(—( —( ?) (721

antormax(i) anpolmax(i)

This power spectrum is normalized by unit using eq. 7.18.

7.2.4 Approximation of one i grill

Each i grill is divided into nthin(i) cells with poloidal length equal to 8/;; = p;/A6; / (nthin(i) —
1)). The centers of j cells are at points with coordinates (p;,8;;, ;) where 6;; is given
by 7.8. The local power in j cell is:

Poij = peicos’(m(0;; — 6;)/18;)). (7.22)

Amplitude pg; is calculated from normalization condition 7.7. For nthin(i)=1 , we use
0,1 =0;, P;; = powers(i) .

For i_n_poloidal=1,2,3 cases. = From all cell centers, we launch nnkpar(i) rays .
The ray with number n = 1,...,nnkpar(i) has parallel refractive index Ny, 7.12 and
spectrum power Py;(Nj,,) from 7.9 or 7.10. For nnkpar(i)=1, we use N, = N||0
0.5(anmax(i) + anmin(i)) and Py; (Nj;) = powers(i). The partial power in the ray with
indexes (i, j,n) is P;j, = Poi(8;j)Pni (NHm)

The number of rays per i grill is equal to nthin(i)*nnkpar(i) . The total number of

.. i=ngrill

raysis irqy =Y, " nthin(i)nnkpar(i).

So, in each space (i, ;) point, the code calculates coordinates (Ro.(o,z0) of the
initial ray location. At this point for each (i, j,n) ray, the code determines parallel to
magnetic field component of the refractive index N,
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For i_n_poloidal=4 case. From all cell centers, we launch nnktor(i)*nnkpol(i)
rays . The ray with numbers ntor = 1,...,nnktor(i) and npol = 1,...,nnkpol(i) has
the toroidal and poloidal refractive index components (Ng, ., No; ;) 7-19; 7.20 and
spectrum power Py; (Nq,,.}mwNewml) from 7.14 or 7.15. For nnktor(i)=1, we use Ny, | =
Noo, =0.5(antormax(i)+ antormin(i)), for nnkpol(i)=1, we use No, , = No, = 0.5(anpolmax(i) +
anpolmin(i)). If the spectrum consists from one point nnktor(i)=1 and nnkpol(i)=1
then Py;(Ny, ,,Ne, ) = powers(i). The partial power in the ray with indexes (i, j, ntor,npol)
i8 Py jnornpot = Poi(0i1) Pri(Noy ior N6 ot )-
The number of rays per i grill is equal to nthin(i)*nnktor(i) *nnkpol(i). The total
number of rays is i,qy = ):lijgnll
So, in each space (i, j) point, the code calculates coordinates (Ro.9g,zp) of the
initial ray location. At this point for each (i, j,ntor,npol) ray, the code determines the
toroidal and poloidal refractive index components Ny, ., and Ny, , .,
There are the several possibilities to set the direction of the perpendicular refractive
index component in the code.

ntin(i)nnktor(i)nnrpol (i).

7.2.5 The given N_parallel determines N_toroidal and N_poloidal.

i_n_poloidal=1.

Using the given value of N, the code calculates the toroidal Ny, and poloidal Nyg com-
ponents of the refractive vector. Then it solves the dispersion relation N| = N (N ||) or
N = N(N ||). After that the code directs the perpendicular component of the refractive
index along the perpendicular to the magnetic surface along £ V.

_ 2 N2 _ 2 N2 _ a2
%_ovw JW_G¢N N2, —N?, (7.23)

Here 6 = +1. Here 6 = +1. The variable o=i_ vgr_ini is set in genray.dat file in
namelist /wave/. To choose the different possibilities of the grill type wave launch the
code has the switch i_n_poloidal that is determined in genray.dat file in grill namelist.
For the given case i_n_poloidal=1. By defaulti_n_poloidal=1.

7.2.6 The given N_parallel and N_poloidal.

i_n_poloidal=2.
The other possibility of the direction of the perpendicular refractive index is to set
parallel N, ~and poloidal Ng refractive indexes i_n_poloidal=2 In the given case the
grill namelist has the input variable Ng=n_poloidal. By default n_poloidal=0.

The initial refractive vector can be written as

—

B
Nip =Ny, 5 +N. @1 (7.24)

Here | is a unit vector that determines the direction of the perpendicular refractive
index
e = (qu,?q)—F(Xle?e-l-(XLp?w (7.25)
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The coordinates of @ | vector can be determined from the following equations

aiqﬁ‘aie"‘aip =1 (7.26)
Byou 1y +Bpo 9 =0 (7.27)
From 7.26, 7.27
09 =—B,0i9/By (7.28)
2 2 2 2 B
OLJ_p=1—OLJ_¢—(XJ_e=1—OLJ_eE (729)
o
The eq.7.29 have sense at
B
loLLg) < g“’ (7.30)
Using 7.28, 7.29 we can rewrite 7.25
B2
@ =—B,0,9/By €+ egCe+0 1—0@9??\“ (7.31)

o
Here 6 = +1. From 7.24 and 7.31

B, B, 2
ﬁ,‘)n = N”l.,n(?q)gq) +7e§1) +NJ_(_BP(XJ_Q/B¢?¢+(XJ_Q?G+G‘ /1 _“ieg_%?w) =
B B 2
= 7¢(NHI.J’7¢ —NJ_BPOCJ_Q/Bq)) +?9(NH,'J,7P +NJ_OCJ_9) + 7\4,(5 1-— Otzleg—%

(7.32)
Eq.7.32 gives the poloidal component of the initial refractive index Ng = NH% +
Nio,¢ . Here the poloidal refractive index Ny is the part of the projection of the
refractive index on the. So

No Ny By
Olg=———— 7.33
=N TN, B (7.33)
Using the condition 7.30 we can get the condition for Ny
NiBp N.By NiBp | NiBy
— — —— <Ny < —+—— 7.34
B B <" "B (739

7.2.7 The given N_parallel and the angle between N_perpendicular
and Vy.

The other possibility of the direction of the perpendicular refractive index is to set
the parallel refractive index N|,, and the angle ) between the perpendicular refractive

index N 1and the gradient from the poloidal flux )} = N 1Vy, 0<y <= For the
given case i_n_poloidal=3. In this given case the grill namelist has the input parameter
ksi_nperp. By default ksi_nperp=0.
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The initial refractive vector is determined be the equations 7.24, 7.25, 7.26 and
7.28. Where

O p = cosy (7.35)
Using 7.35in 7.26,7.28 we will get
B
0 g = Siny— (7.36)
B
B
0y = —sinxgp (7.37)

Using 7.36, 7.37 we can rewrite 7.25
B B
e, = —EP siny @y + Eq) siny @9+ cosy ey (7.38)

It gives

Nin :NH,n(e¢B —1—?9%’)—1—Nl( 31nxe¢+ ¢ Siny g+ cosy e y) =

By )
e¢(NH,n 7 —NiL é siny) + eG(NH,n B” —l—Nl 3 2 siny) + @ yN| cosy, 239)

7.2.8 The given toroidal and poloidal refractive index components.

i_n_poloidal=4. The other possibility to set the refractive index is to give its toroidal
and poloidal components Ny and Ny. In this case the refractive index is

N =No@o+NoCTo+NpCy (7.40)

We will find the parallel refractive index for the given case. The vector of the parallel
refractive index component is

By B
Ny =N =2 7.41
| =N(Tog + o) (7.41)
The vector of the perpendicular refractive index is
N,.=N, siny (€ ¢sin + @gcos&) + N cosy ey (7.42)

Here y is the angle between the perpendicular refractive index N 1 and the poloidal

flux gradient } = N 1Vy, 0 <y <m, £ is the angle between the projection of the
perpendicular refractive index on the plane perpendicular the Vi and the poloidal unit

. . . B
vector €. Using the condition0 = N | - ﬁH =sin&3 —|—cos§% we have tan& = — g_Z’

so sin§ = :I:% and cos& = :F%. The equation 7.42 will give

B
ﬁL:iNLsinx(?q,ge— )+ Nicosy @y (7.43)

,Bo
B
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Using 7.40, 7.41 and 7.43 we will have

Np =N, cosy, (7.44)
. By Bq)
Ny ==xN| SIHX§ —|—NH B (7.45)
. By Bg
Ny =FN| s1nx§ +N B (7.46)
Equations 7.45 and 7.46 determine the parallel refractive index
By Bg
N =Noy— +No— 7.47
| =Nog TNo (7.47)
and NyBo — NoB
siny = 4220 1070 (7.48)
BN,

From the condition |siny| < 1 equation 7.48 gives the condition for Ny and Np. Equa-
tions 7.44, 7.48 determine the small radial refractive index component

N, = 64/1—sin?y (7.49)

Here 6 = £1. The variable 6=i_ vgr_ini is set in genray.dat file in namelist /wave/.

7.2.9 The determination of cutoff LH and FW point near the plasma
edge.

In some cases it is necessary to launch LH or FW in the cutoff point most close to the
plasma edge. GENRAY has the possibility to shift the given launch point to the cutoff
point near the plasma edge. If the variable i_rho_cutoff=1 (in GENRAY.dat file) then
the the code will find the cutoff point. By default i_rho_cutoff=0.

From the input grill data the code determines the launch point (Ry.9, z0).The code can
shift this point to the cutoff point near the plasma edge along the straight line. This line
is directed from the magnetic axis to the given point (Rg.Qo,z0)-

7.3 EC wave launch for O-X-B mode conversion sce-
narios

istart=3

For dense plasma with X, (p = 0) > 1 3.1, the electron cyclotron O (ordinary) mode
launched from the periphery where X,(p) < 1, reflects at the points where X, = 1.
In this case O mode cannot reach the center of the plasma. A way to overcome the
density limit is the O-X-EBW mode conversion processes proposed by (J. Preinhaelter
and V.Kopecky, 1973) [11]. X and EBW refer to the extraordinary and the electron
Bernstein modes. These authors proposed the scenario that O mode be transformed to
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X mode at the point where X, = 1. The O-X mode conversion requires the launch of O
mode with optimal parallel refractive index:

NHOW - \/Ye (Pc()nv)/Ye (Pconv) +1. (750)

Here,
Peony = (Peonvs Ocony) 18 O-X mode conversion point, where

Xe(pconweconv) =1; (7.51)

(Pconvs Ocony) are the small radius and the poloidal angle of O-X mode conversion point
Peony-

O-mode is transformed to X mode near O-X conversion point P.,,,. The X-mode
enters the plasma with greater density, X, > 1. Then X-mode is reflected and goes
towards the plasma periphery. If the upper hybrid resonance (UHR) layer (where X, +
Y2 = 1) is inside the plasma , the X-mode is transformed into the electrostatic electron
Bernstein mode. The EBW mode is reflected near the UHR layer and can propagate
into the plasma core. The EBW mode is then absorbed by the plasma near the electron
cyclotron resonance (ECR) point. This scenario enables a wave launched in the O-
mode to heat the central part of an over-dense (X, > 1) plasma.

This special X-mode launch has been implemented for studying O-X-EBW mode
conversion scenarios (C.B. Forest et al., 2000) [12]. The X-mode is launched from a
space point inside the plasma. To specify the location of this point we use input data
from the grill namelist parameters, 0,,,=thgrill(1).

First, we calculate the small radius p.y,y of O-X conversion point P, for the
given poloidal angle 0., using equation 7.51. In the point found, the X-mode wave
is launched just inside the X, = 1-layer in the direction of denser plasma with the
optimal value of the parallel refractive index N = N, 7.50. To launch this wave, we
determine the perpendicular component of refractive vector N x for X-mode from the
solution of the dispersion relation:

Dioy (X\(pconV)v /Y\(pL‘UﬂV)a T(pcon\))aNHUP,,NLX) =0. (7.52)

For these conditions, N | x should be close to zero.

The code calculates the input grill parameters rhopsiO(1)=pcon anmin(1)=N),  —
0.01 and anmax(1)= Njop +0.01. For this case.\, the code uses one ray launch.
So we see in genray.dat file: ngrill=1, nthin(1)=1, nnkpar(1)=1. The parameters
rhopsi0O(1), height(1) anmin(1), anmin(1) in genray.dat file can be arbitrary; they
will not be used.

7.4 Initial refractive index vector inside the plasma

The refractive vector Ny at the initial space point Py consists of the vector parallel to
the flux surface ﬁow ( ﬁow‘v -Vy = 0) and the vector perpendicular to flux surface

ﬁoLw .
No= N’OW +7No,,- (7.53)
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At the plasma-vacuum boundary I" , the parallel refractive index N)QW should be the
same for both the vacuum and plasma sides. We determine the parallel refractive index
(that is, in the flux surface) at the vacuum side of boundary :I"

NOHW = No, € ¢+ Noy To. (7.54)

Here, Noq) is the toroidal component of the refractive index at the initial point; N,
is the poloidal component of the refractive index at the initial point; @ is the unit
vector in the toroidal direction; &g = Vy x /| Vy| is the unit vector in the poloidal
direction. The perpendicular to the magnetic surface refractive index vector directed
into the plasma is equal to:

No,, =—No,, VW/|Vyl. (7.55)

The poloidal flux function has been assumed to be an increasing function from the
magnetic axis, the usual convention in the EQDSK files. Here, Ny, is the small radial
component of the refractive index that can be calculated from the dispersion relation
for given NOH and Noq), No,-

The different models of the wave launch described in the previous sections 7.1, 7.2,
7.3 create the initial toroidal N, and poloidal No, components of the refractive index.
Using these components the code calculates the parallel to the magnetic field refractive
index 7.54.

Then the code solves the dispersion relation to find the perpendicular to the mag-
netic field refractive index No, . The dispersion relation D(N)|,N.) = 0 has a set of
roots N, . Each root corresponds to a specified wave mode. Genray.dat file input has
two switches for root choice.

ioxm==+1 determines the sign before the root in the cold plasma dispersion relation
4.12, and O-mode (ioxm=+1) or X-mode (ioxm=-1) for the solution of the Mazzucato
dispersion relation 4.37.

ibw specifies the launch of EBW. If ibw=1, the code launches a Bernstein wave
using the hot plasma dispersion relation and grill conditions istart=2. If ibw=0, the
code launches O or X modes.

Using the found root Ny, the code calculates the module of the small radial compo-
nent of the refractive vector directed perpendicular to the magnetic surface

— 2 2 2 2
[Nouyl = /N3, + N3, — NG, —Ng,

The code has the possibility to launch the wave towards the interior of the plasma
or in the outwards direction. The direction of the small radial component of the wave
group velocity Vg’w is determined by the direction of the small radial refractive vector

No ,y- The code chooses the sign of No 1y to get the necessary direction of V’gw
.The input parameter i_vgr_ini given in genray.dat determines the direction of 7’ gry
in the initial point. For the wave directed into the plasma i_vgr_ini=+1 andT’gw is
anti-parallel to Vy . For i_vgr_ini=-1 the small radial wave group velocity directed
out of plasma. It is assumed that the poloidal flux has a minimum inside the plasma.
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€ theta

N theta

psi

Figure 7.1: The refractive index components in the poloidal pane.
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7.5 Reflection from the plasma vacuum boundary

Near the plasma vacuum boundary, the code can reflect the rays. The variable ireflm
determines the maximum number of reflections for each ray. It is proposed that plasma
boundary I can be represented by two functions versus major radius zin (), Zmnax(r),
where rypqy < r < rpip. If the point of the ray trajectory Prefiecs (r,z) goes close to the
plasma boundary:

r < Fpmin +epsbnd or rp—epsbnd <r

7 < Zmin +epsbnd  or  Zyax —epsbnd < 7’ (7.56)

the subroutine bound reflects the ray at this point. Here epsbdn is a parameter given
inside subroutine bound. At the reflection point Py, fiecr (r,2), the code changes the sign
of the normal to the flux surface component of the refractive index,

N refiect .y = Nrefiear, VW/ |V, (7.57)
and conserves the parallel to the flux surface refractive index component,
N flectjy, = Nreflect o+ Nrefiect €. (7.58)
The refractive vector before reflection has the form:
ﬁreflect = ﬁreflectw + ﬁreﬂect Ly (7.59)
The refractive vector after reflection has the form:
ﬁreflect = ﬁreflectw - ﬁreflect Ly (7.60)

If reflection is not needed, we set the parameter ireflm equal to unit (ireflm=1).



Chapter 8

Electric field polarization

The code calculates electric field polarization along ray trajectories. The electric field
E is the unit vector which satisfies equations 1.6 for different forms of the dielectric
tensor. The condition for this solution is the dispersion relation D = 0 1.7. For any
given computational accuracy, the numerical solution of the ray-tracing equations1.8
gives the numerical error for the ray variables. This error leads to non-zero dispersion
function D # 0 along the ray trajectory. So, formally the system 1.6 will have no
solution. Therefore, we must determine the polarization for equations 1.8 with non-
zero dispersion function. We use the following approach:

dnEy+dinEy+di3E; =0
d\Ey +dpnEy +dyE; = 0. (8.1)
d31Ey +d3nEy +d33Ez; =0

System 8.1 determinant is D = };_; 3djia;.. Where j is the number of chosen
matrix row and aj; is a cofactor of the element d;. The solution of system 8.1 has the
following form:

Ek = djk- (82)
To check it, we put 8.2 into 8.1

dnaji+dpajp+dizaz =0
dr1aji +dnpaj +dxajz = 0. (8.3)
dy1aji +dxnajp+dizajz =0

The condition of the solution is D = 0. Let p be the number of the row in the system.
The equation 8.3 has the form:

Y dpiaji=0. (8.4)
i=1,3

If index j coincides with the number of row j = p, then,

Z dp,'ap,':D:O. (85)
i=13
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If j # p, then ¥, 3dpiaji = 0 as the determinant of the matrix with two coincided
TOWS (dpl,dpz,dp3).

Due to numerical errors, determinant D does not equal zero. In this case we use
equation 8.2 for the electric field determination. The number of matrix row j is chosen
from condition:

aji = max |Clpk|. (8.6)
pk

The electric field is normalized to unit length.
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Current drive

The code calculates the current drive (CD) j = NPyps0rp (current density) along the ray
trajectories using various possibilities to determine CD efficiency 1 and absorbed wave
pOwer Pypsorp. CD efficiency 1) is normalized at (A/cm?)/(erg/(c* cm?)). The switch
for choosing the CD efficiency form is ieffic . The specification of the wave harmonic
is determined by variable jwave.
ieffic=1

CD efficiency is calculated using the following simplest asymptotic formula for
uniform non-relativistic plasma.

jwave=1 for EC wave first harmonic;

Nec = 2(5%@(”2 +(2+ 2(3%@));

jwave=0 for lower hybrid (LH) wave;
__ 2 2., (7 9 .
nLH - (5+Z(,ff> (u + (Z + 4(3+Z(,ff> ))’

where u is the resonance velocity normalized by electron thermal velocity vz, =
1.87 % 107\/T, (m/c), T, (keV), u = VLn(l — jwYe)/N|.
ieffic=2

In this case CD efficiency is calculated using the asymptotic formulas (D.A. Ehst
and EF. Karney, 1991) [13]

a) jwave=0

Landau damping of LH waves resonant at parallel velocities above the electron
thermal velocity.

b) jwave=-1

Slow frequency fast (compressional Alfven) waves (AW) resonant with low phase
velocity electrons via combined Landau damping and transit time magnetic damping.
ieffic=3

CD efficiency is calculated using the CURBA subroutine (R.H. Cohen, 1987) [14],
[15] for relativistic electron plasma in toroidal plasma with passed and trapped parti-
cles.
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Power and current drive radius

The code can calculate the absorbed wave power and CD profiles versus the chosen
small radius 2.10-2.13. To switch on the profile calculation, we use ionetwo=1. In
other cases, ionetwo=0. The code calculates the absorbed power along all ray trajecto-
ries. It uses this power and the CD efficiency to calculate the current generated in the
plasma. Using these data, the code creates profiles averaged over the magnetic surfaces
of the absorbed power and power density, the current and current density.
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Numerical methods

11.1 Numerical solution of ray-tracing equations

The code has several possibilities for the numerical solution of ray tracing ODE equa-
tions. The switch irkmeth specifies the method.
irkmeth=0

This is the Runge-Kutta 4th order method with constant time step. The code con-
trols the position of the trajectory near the plasma vacuum boundary and reduces the
time step if the ray point goes outside the plasma 7.56 in one of the sub-steps of the
Runge-Kutta procedure. This control is produced in boundc subroutine. The param-
eter epsbnd is set inside boundc subroutine . The value of this parameter can differ
from the value epsbnd in bound subroutine.

irkmeth=1

This is the Runge-Kutta 5th order method with variable time step. In this case,
the code changes the time step to get accuracy. It uses the algorithm described in
(W.H.Press et al., 1999)[16] (chapter 16.2).
irkmeth=2

This is the Runge-Kutta 4th order method with variable time step. In this case, the
code changes the time step to get accuracy. In this case, the code controls the position
of the point near the plasma vacuum boundary as done in irkmeth=0.

11.2 Hamiltonian conservation

The ray tracing equations 1.8 are of the Hamiltonian type, where the dispersion func-
tion D plays the role of the Hamiltonian. Along the ray trajectory the dispersion func-
tion conserves zero value D = 0. Inaccuracy in the numerical integration of the ray
tracing equations leads to errors in ray coordinates § = (ﬁ7 ﬁ) Small deviation in
these coordinates can lead to significant deviation in the dispersion function from zero.
The non-zero value of the dispersion function D, for example, can give a wrong electric
field polarization. The code has two possibilities to conserve the Hamiltonian.
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a) The Hamiltonian D has error € at each time step of the numerical solution of
ray-tracing system D(¢) = €. The small correction A can conserve the zero Hamil-
tonian value

D(q@+A7q)=0. (11.1)

There is one equation for six variables. The additional condition for the correction A§
can be the minimum of the norm |A7g|. For this condition, the full problem for the
correction has the following form:

{ J=|AF* =Yi16(Lgi)* — min '

D(7+5)=0 (2

We use the Lagrange function L = J(AG) +AD(q§ + A7) for solution 11.2. The
derivative from this function gives the equations for Ag and j :

— =
2Nq; + ARG AG)

R =0,i=1,...,6. (11.3)
D(G+AT)=0
The first equation in 11.3 gives:
AOD(q +Aq
Ngi= 2@ HLT) 6 (11.4)
2 g
After substitution 11.4 for the second equation 11.3 we have:
— A — —
D(q —5VD(q +A7))=0. (11.5)
To solve 11.5 we use the iteration process based on its linearization:
A A oD(q)oD(q+Aq
D7~ 2vD(7 + 27) =D(7) 5 ¥ PDPALLD) o 445
2 2,56 i 9qi

Let [ be the number of iterations with the initial parameters 7? = 7, A7 =0and
A9 = 0. The iteration process (I = 1,2, ...) has the following form:

7V =7+170Y (11.7)
2D(g

A0 = : _E"a) T (11.8)

y. 2@ g

=1,6 " 9q; 9qi
w_ Map(g"l) D(7) (7" ")
Ngl = - o . (119
2 g a(q) (g dai
Yie16 3 oa

The condition for the final iteration is |D(?(l+l))| < Eeorrection-

b) For large values of the perpendicular refractive index N , the previous method
does not reach accuracy in some conditions. In this case, we use the correction pro-
cedure based on the solution of dispersion relation D(N, BUR.S 4 T) = 0. After each



CHAPTER 11. NUMERICAL METHODS 61

time step of the numerical solution of the ray-tracing equation, we get ray coordinates
— —_ ﬁ . . .

¢ = (R,N). These coordinates give the values of the parallel and perpendicular
refractive vectors ﬁ‘|, N 1. Using given N|| , we calculate the corrected perpendicu-
lar refractive index Ny . from the solution of the dispersion relation. We correct
only two components of refractive index (Ny,,....+Neeomewea)- The toroidal compo-
nent is not corrected. Then the corrected values of the refractive index coordinates
are calculated with the following system:

(Nrmrr('cted ? szrr('cted )

BrNrmrrcted + BZNZmrr('cted + B(pM/r = BNH (1 1 10)
Ngcorrected + szcorrected + (M/r)z = NHZ + NJz-Corr('cted : '

This system can give two solutions. We choose the solution that has minimum distance
from the non-corrected values. For some conditions the system 11.10 has no solution.
In this case the code gives a warning.

11.3 Differentiation of the dispersion function

The right hand side of ray-tracing equations 1.8 contains a set of the first derivatives
from dispersion function D. The dispersion functions have many difficult formulas;
therefore, the calculation of analytical derivatives from these formulas can be a source
of error. Another problem is that in some cases the subroutine calculates the dispersion
function but does not calculate derivatives from this function. The code can calculate
these derivatives using the analytical (idif=1) or numerical (idif=2) differentiation. The
switch idif is the input parameter in genray.dat file.

11.4 Algorithm giving the output data at the set radial
steps

It is convenient to generate the output data from GENRAY at the poloidal distances
close to the mesh points s' = ik, specified by the poloidal step size i;. The input step
size prmt6= /;, is given in genray.dat file.

The code calculates the poloidal distance 1), ..., = Xy Al

poloida
jectory at the each time . The time step T = " —¢"~! is automatically determined

by the given Runge-Kutta method accuracy . Here Al;oloid u = V(A2 +(A7)?,
Art =7 —/""land A" = 7" — 2" ! are the increments of the poloidal distance and
r, z variables for one time step. If l;oloid 4 > '+ €shy then the trajectory have jumped

, along the tra-

throw the necessary output mesh point s'. Here g5 > 0 is the given small positive num-

ber. In this situation GENRAY goes back to the previous time ! point (Fm?l , N 1)
takes the new time step

Tnew = T(Siil +&shsl — l;;l})idal)/ﬁl[nmloidal (11.11)

and calculates the position of the new ray point (ﬁ”,ﬁ”) using the Runge-Kutta
method with the constant time step. The formula 11.11 was obtained from the linear
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approximation of the poloidal distance dependence from the time. After that GEN-
RAY calculates the new value of the poloidal distance that will be used as the output
poloidal point. If the automatically calculated time step T is much bigger than T,,,,, the
used algorithm can slow the calculations significantly.

GENRAY has the possibility to switch off writing the output dat to the 3d.dat file.
The input variable iout3d that makes it is in genray.dat file. For iout3d="enable’
GENRAY writes 3d.dat file, for iout3d='disable’ GENRAY does not write it.
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Electron cyclotron emission.

It works if the variable i_emission=1 in GENRAY.dat file.

12.1 Radiation transport equation for the the radiative
power.

Electron cyclotron emission can be a sensitive indicator of nonthermal electron distri-
bution. GENRAY calculates the emission follow the model proposed in [6]. In the
WKB approximation, the radiation transport equation [18] gives I, the power in each
wave mode per unit area-radian frequency-steradian following along rays in the plasma:
25 -V ) =j—al (12.1)

r

Were 5'is a unit vector along in the ray the ray trajectory mode under consideration,
n, is the ray refractive index [18], emissivity j is the power radiated by the the plasma
per unit volume radian frequency-steradian, and o is the inverse damping length along
the ray of rf wave energy. The ray emission trajectories can be calculated using the
different types of the dispersion functions specified by the option id.

The formula for the ray refractive index is given in [18]

[1+ (%g_g)z} 1/2

®
F) { cos6+(% %)msine }
20 2112
EXCEIN

GENRAY has the several possibilities to calculate the ray refractive index n,. The input
variable i_rrind in genray.day file determines the used formula for #,. For i_rrind=1
n, = n; for i_rrind=2 the ray refractive index n, will be calculated using 12.2 and the
cold electron plasma dispersion function; i_rrind=3 the ray refractive index 7, will be
calculated using 12.2 and the hot non-relativistic plasma dispersion function.

n% = |n’sin®

(12.2)
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The absorption and emission coefficients are given by Refs.[6], [19] and [20]:

E & FE
o= %ﬁ (12.3)
EGE
j:nn%(§)27|s| (12.4)

Where E = E (o, ?) is the space-time Fourier transform of the electric field, S (o, ?)
is the energy flux density per frequency and per unit volume in x space,

S =7,U (12.5)

and Vg, is the wave group velocity 1.8. We use the conventions in Refs. [6], [19] and
[20], which give spectral energy density U,

U =

(B"-B+E"- a(gf;h) E) (12.6)

1
&n
In this equation we use Hermitian dielectric tensor coefficients €, for different dielectric
tensors. It is essential that relativistic expressions be used for anti-Hermitian dielectric
tensor elements €, and the corresponding the correlation tensor G for the fluctuating
current density. These are obtained from the momentum relativistic electron distribu-
tion function f [18], [6],[7]

R W2 n=e= kv nMce
utanin, =~ L[ @pU(pSIsy- LT 27
2 —o0
- oo, 1" 3 1 Gy KIVI 1O
- 3p— A e 12.
G- nFom L [a PP SUB S0l 28

The formula 5.3 for anti-Hermitian part of the relativistic dielectric tensor were dis-
cussed previously in the chapter “Wave power absorption”. The formula for the cor-
responding the correlation tensor G for the fluctuating current are used the same ap-
proach.

The emission equation along the ray trajectory s starting at the detector has the
following form.

d
—n%; (n,2l) = j—od (12.9)

Here 5'is a unit vector in the opposite ray direction, s = 0 at the detector . The solution
of theeq. 12.9is

n

n, 2 (s)I(s) = Co eXp(/S oft)dr) — /q:

50

J0) dtex ' d 2.10
5 p([ a(g)dq) (12.10)
r (t) t

Let we will calculate the power of the emission along the ray with the length L and

I(L)=0 (12.11)
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Using 12.11 we get from 12.10

O:Coexp(/Loc(t)dt) /L .()dtexp(/L a(q)dq) (12.12)

50 50 n? (t)

It gives the value of the constant

Co = exp(— / " ayar) 20

50 so n7(t)

drexp( /, " (q)da) (12.13)

Using 12.13 in 12.10 we get the emission power at the so point

n#mmm:@—am s an)dr) [y A diexp( [ alg)dq) = (2.1
fso nz(t dtexp( fs (X( ) q) .
So, the emission power at sp has the form
!
1) = o) [ b drexo( [ ataraa) (12.15)
so 1y S0
The emission at the detector so = 0 is
2 Lj@) !
10)=n2(0) [ L2 drexp(~ [ alq)dg) (12.16)
0o nz(t) 0

Let introduce the mesh along the ray s,, n = 1,..., N, where the value s at the detector is
= 0. The emission I,, from nth bin s, < s < 5,41 can be obtained from the equation

o d
—n d—V( n 21, = jI,(s) — o, (12.17)
with the condition
Li(snt1) =0 (12.18)
Here
1,5, <s<s
I (s) = { Onelsewhe;'l(,jrl > (12.19)

The solution of 12.17 can be obtained from12.14

n, 2 (s)I(s) = Co, exp(/s a(t)dt) — /S J(OI, (1)

Snt1 Sn+1 ny ( )

dtexp( /t “a(q)dq)  (12.20)

Using 12.18 we can find Co,

1,2 (Sp42)ln(sns1) = Co, =0 (12.21)
It gives the emission
_ St j ()T, (2 §
w20 = [ L Darexp( [ atgrtg (12.22)
S r
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Using 12.19 we get the following form for the emission In

Sn+1 j<)dtex dq),s, <5< spi1
n;z(s)ln(s) _ fs ; 2(1) ( | P(j; ( ) q) n = Sn+ (1223)
[ 0 drexp( ) alg)da). s < s
This formula gives the value of I at the the detector side of nth bin at s = s,
2 st () !
12 (s = s)o(s = sn) = / ) drexp(— / a(q)dq) (12.24)
Sn n; (t) Sn

This integral 12.24 can be evaluated as

125 = )l = 50) 2 2L [0t exp(—(s, 1/2) (1 = 50))dt =
r\Pnt1/2 (1225)

b)) exn(— _
= Fommaten |~ K= 0Sr1/2) (Sn41 = 5n)

The emission I at the detector s = 0 I, has the the form

2 (s = Oyl = 0) = [ Ahdrexp(— [} ala)da — [ ala)d) = 1o
=125 = sa)la(s = sn)exp(— [ (g)dg)

The last integral in 12.26 can be evaluated as

Sn n _ >
T, :/ a(q)dq) ~ { =1 (Sm (s)'”*li)o‘lmflﬂ’” =2 (12.27)
0 Y=
It gives
n, 2 (s = 0)(s =0) = n, 2(s = 5,) (s = 5,) exp(—1Ty) (12.28)

The specific intensity equal to I,(s = 0)//\s for each spatial bin As = s"*! — " can

has a very narrow and top peaks along the ray [6]. In [6] it was proposed the procedure
that adds the points along the calculated ray in the vicinity of these peaks.

Typically the number of points along the ray trajectory N=100 is sufficient to
coarsely resolve the main contribution of all peaks. The mesh along the ray is then
refined by calculating additional values of o and j have been calculated, and where the
resultant ,, (s = 0) are grater thanz-I(s = 0); t is a tolerance parameter, typically t=0.01.
This refinement procedure thus adds calculations of o and j only at those points along
the ray where they contribute significantly to the signal arriving at the detector.

The code can obtain emission from multiple passes across the tokamak; the ray
is assumed to specularly reflect off the vacuum chamber wall. Mode conversion at
the wall is not considered. Usually, though, a simple procedure [6] is employed for
optically thin frequencies. This is done in view of the very complicated, and changing,
nature of the vacuum vessel. A single pass is considered to fully represent any of the
passes across the tokamak and back. The total radiation I,,(s = 0) is given by

Ioo = Io(1+rexp "+r’exp 2 +..)=Ip/(1 —rexp ") (12.29)
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The variables tol_emiss=t (0<tol_emiss<1) and wallr=r (0<wallr<1) are given in gen-
ray.dat file in namelist /emission/ input data.

GENRAY can calculate the emission at the detector point for the set of the the wave
frequencies. The variable nfreq (in GENRAY.dat file in namelist /emission/) deter-
mines the number of the used frequencies. The maximal value of nfreq is set by the
parameter nfreqa in param.i file. For nfreq=1 the emission frequency determined by
the variable frqncy(GHZ) given in GENRAY.dat file in namelist /wave/. For nfreq>1
the code uses the following frequencies

freq01 — freq00

nfreq —1 (ifreg—1)) (12.30)

Ojfreq = mOEC(freqncyOO +
Where wogc is the electron cyclotron gyro-frequency at the magnetic axis, freq00<
freq01 are the ratios of the minimal and maximal emission frequencies to the central
electron-cyclotron frequency.

12.2 Radiation temperature.

The radiation temperature along the ray is calculated by the following formula [18]

1 j8mic?

2o o?

(12.31)

The specific emission intensity I,(s = 0)//As at the detector has the sharp maximum
in some point along the ray [6]. The code determines the point Py = (rg,z) where the
specific intensity I, (s = 0)/As reaches the maximal value on the given ray. This point
gives the maximum impact to the total emission and to the radiation temperature from
the ray. The the ray radiation temperature can be calculated using the total radiation at
the plasma edge [18]

2nc?lo;
T, = <Teloi (12.32)
rad f2
For the ray radiation temperature with the wall reflection we use the following formula
27 21 i
Ty = ——gt (12.33)
fi

were [ = ifreq is the number of the ray, and f; is the wave frequency that was used for
the ray with the number i=1,...nfreq. Due to the sharp form of the specific emission
intensity the ray radiation temperature should coincide with the plasma temperature
in the point Py = (rg,z). For comparison the code calculates the plasma temperature
Tplasma (P 0)-

12.3 Emission plots.

GENRAY launches the several rays differer by the frequencies from detector points.
It can use the several detector points set by EC cone or grill launch input data. The
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detector point specified by the space position and the vector refractive index.
Firstly the code calculates the ray trajectories and writes the ray coordinates along the
rays in GENRAY.bin file. To get xdraw plots of these trajectories we should use the
commands xdraw genr or xdraw emis.

Along all trajectories the code calculates several variables that can be plotted by
xdraw using the command xdraw em:

I,(s = sp)/As is the specific intensity from one bin s, < s < 5,41 at detector side
of n_th bin at s = s,,, As = s,1-1 — 8y,

I,(s = 0)/As is the specific intensity from one bin s, < s < s,+1 at the plasma
boundary s =0,

Iosn = Y31 I(s = 0) is the emission at the plasma boundary at s = 0 from the part
of theray 0 < s < sy,

T, = Jy" a(s)ds is the optical depth,

T}, is the plasma temperature along the ray,

T4 1s the radiation plasma temperature 12.31 along the ray.
The command xdraw emf1 creates the plots of the ray radiation temperature, the ray
radiation temperature with wall reflection, the coordinates of the point Py = (rp, z), the
plasma temperature versus the ratio ®/®.. Here @ = 2nf is the wave frequency at the
given ray, ¢y is the electron cyclotron frequency fat the magnetic axis.
In some cases it is useful to compare the ray radiation temperature with the temperature
where the wave frequency coincide with the second EC harmonic. The code has the
option i_r_2nd_harm. If i_r_2nd_harm=1 it code will determine the major radius
of the second EC harmonic resonance point point Paguec(r2n4,z = 0) at the midplane.
The command xdraw emfr plots of the plasma temperature at the second harmonic EC
points.
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GENRAY usage

13.1 Preliminaries

The GENRAY code is written in standard FORTRAN-77 and runs without modifica-
tions on Cray, Sun Stations, IBM Pentium PC. There are no mathematical library calls.
All necessary routines are parts of the source code. The Fortran source files have the
extension *.f.

There are a number of INCLUDE files for setting parameters and specifying com-
mon blocks. The INCLUDE files have the extension *.i. The include file param.i sets
all the parameters for the code.

MAKEFILE compiles the code at Linux g77 compiler for IBM PC, f77 compiler
Sun stations and the CF77 Cray compiler.

The are a number of *.in files. They are the command files for plotting the data from
* bin files under XDRAW graphic system. The file xdraw.ini is for color printing of
figures made under XDRAW system. The command xdraw files (*.in) have the names:
drawname.bin. To run the command file, we use the following command: xdraw -c
name. The option -c is for color printing.

The code uses two input files:

| equilib.dat | This is a copy of eqdsk file |
| genray.dat | Inputs the data for all NAMELISTS used in the code. |

The code creates the following output files:

| conl | some input data from the eqdsk file |
3d.dat output data along all the rays for CQL3D code
genray.bin output data for plotting the rays under XDRAW
onetwo.bin | for plotting power and CD radial profiles under XDRAW
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13.2 Genray flowchart

The main code program is genray. It is in genray.f file. The flowchart of this program
is the following figure:
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program

GENRAY

-
—

. reading equilib.dat file with the magnetic field data
2. creation the spline coefficients for psi(r,z), f(psi), pressure(psi)
call equilib | ___ _ | 3. creation the limiter surface from psi(r,z)=psisep*psifactr

(psifactr<1 it is set in gr2new% . .
4. creation the cordinates AR,AZ contours psi(r,z)=const for plotting
the poloidal cross section

5. creation the spline for the limiter: z_limiter_plas(r), z), z _limitter_minus(r)
+ (the top and the bottom plasma boundaries)

—_

read(genr)
read(tokamak)

. reads the namelist genr data from genray.dat file

,,,,, 2. reads the namelist tokamak from genray.dat file

1. creation the spline coefficinets for r(psi,theta)

callthospl |- _ _ _ | 2. creation the spline for small radius rho(psi) and psi(rho)

. reads all input data from genray.dat file

1
call dinit_mr 2. creation the splines for density(rho), temperature(rho), Z_eff(rho)
3

. calculation the initial data for EC cone, grill antenna conditions
or O_X_EBW case

—

. initialization the arrays for power and current drive radial profiles

call onetwoini | _ _ _ _ |

. creation the circules on the horizontal plate (X,Y) for drawing

call gr3 the tokamak toroidal cross section

—_

. initialization the arrays for ODE solver
call arrays

. initialiszation of the arrays for the output 3d data
call write3d1

-list1-
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Y

The loop over all

rays: iray=1,...,nray

call dinit_1lray

1. calculation of the initial location P of the trajectory in the plasma

2. calculation the values of N_toroidal and N_theta in P point

3. calculation of the chosen wave mode N_perpendicular(N_parallel)
from the solution of the dispersion relation in P point

L4 calculation the initial data (r,phi,z,,N_r,M,N_z) for the ray tracing equations

call drkgs(0, 1

or2)
2. preparartion the output data along the trajectiory
***** 3 writes the output 3d data to 3d.dat file

call mk_graph

1. writes the output data for one ray to *.bin files

T
call mk_grapc

calculation of the contours omega_c=const
at the poloidal plate (r,z)

call sonetwo

1. calculation of the power and current drive radial profiles

end the loop
over all rays

call donetwo

call mk_gronetwo

end of the code

1. calculations the radial profiles of power and current drive
from all rays

writing *.bin files for drawing power and current drive radial profiles

-list2-

Figure 13.1: Flowchart of the main program.
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13.3 Parameter input

The variables in the form of PARAMETERS are set in param.i file. The list of these
PARAMETERS is given below.

-for common block cone.i
nraymax is the maximum number of antenna rays. It must be greater or equal to the
total number of rays nray, calculated in cone_ec routine.

-for common block five.i

nxeqda is the maximal number of points in horizontal (X) direction in equilib.dat
(eqdsk) file, it should be nxeqda.ge.nxeqd;

nyeqda is the maximal number of points in vertical (Y) direction in equilib.dat (eqdsk)
file, it shoild be nyeqda.ge.nyeqd;

nlimit is the number of limiter points in equilib.dat (eqdsk) file or for calculation of
the limiter surface;

nx4a=nxeqda+4, ny4da=nyeqda+4, nrya=ny4a, nlim4=nlimit+4 are the numbers of
the points for the spline approximation of the poloidal flux and the plasma limiter. AT-
TENTION: this must be nrya=max(nxeqda,nyeqda)+4.

—— for common fourb.i
nves is the number of vacuum vessel points.

—— for common gr.i

npsi is the number of flux surface contours ; = Wyag + hy(j — 1), hy = (Wiimiter —
Winag)/(npsi—1), j=1,...,npsi. These contours are used to determine the connection
between the poloidal coordinate system (,8) and the Cartesian coordinates r(y, 8),z(y, ).
Here 4o is the poloidal flux at the magnetic axis (Xmag,Ymag) and Wiimirer is the
poloidal flux at the limiter or the last closed flux surface.

nteta is the number of points along each flux contour in the poloidal direction y(zpsi(y,8;),rpsi(y;,6;)) =
;. The poloidal angle is measured in counter clockwise direction from the hori-
zontal plate. This horizontal plate goes through the magnetic axis; 6; = hg(i —0.5),

hg = 2m/nteta, i = 1,ntetal

ntetal=nteta+1

epspsi is the accuracy for determination of the contour point coordinates y(zpsi, rpsi) =

Y

NL is the number of the poloidal flux contours for plotting the tokamak poloidal
cross section,
NP=ntheta is used for plotting the tokamak toroidal cross section

-for common grill.i

ngrilla is the maximal number of poloidal grills; see grill launch Section 7.2 nnkprmax=max;—1 gii1 nnkpar(i)
nnktormax=max;—_i nerii tnktor i)

nnkpolmrax=max;_1 ngi1 nnkpol (i)

nthinmax=max;_ g1 nthin(i)
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r(psi_j,theta_i),z(psi_j,theta_i)

Psi_mag

Psi_j
- Psi_limiter

Figure 13.2: Flux coordinates

nraymaxl is the maximum number of rays from the grill antenna

-for common ions.i
ncompa is the maximum number of plasma species; this must be ncomp > nbulk > 1

-for common onetwo.i
NR is the number of points in the small radius direction for calculation of the power
and current drive radial profiles.

-for common rho.i
npsi4=npsi+4, ntetal4=ntetal+4 are the number of points for the spline approxi-
mation of the small radius as a function of the poloidal flux .
-for common six.i
ndensa is the maximal number of the points in the input arrays with density, tempera-
ture and Zeff small radial profiles.
ndens4a=ndensa+4
-for common write.i
nrelta is maximum value for nrelt. Where nrelt is the maximum number of output ray
points along every ray
nraya is the maximal value of the rays
nfreqa is the maximal value for nfreq the number of the emission frequencies
-for common scatnperp.i (data for N, scattering)
nscat_n is the number of points in arrays rhoscat(nscat_n) and scatd(0:nscat_n)
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-for common dskincomm

iya is the maximal number of the points in the pitch angle mesh for the input distribu-
tion functions

ixa is the maximal number of the points in the momentum mesh for the input distribu-
tion functions

irza is the maximal number of the points in the small radial mesh for the input distri-
bution functions

ngena is the maximal number of the plasma species for the input distribution functions
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Examples

14.1 Fast wave in D3D in cold plasma

We use the following input data for fast wave launch in D3D:

1) Dispersion relation: cold plasma, id=2

2) FW absorption iabsorp=3

3) Plasma species nbulk=3

electrons and two sorts of ions: Deuterium D(charge(2)=1, dmas(2)=3674) and
Oxygen O (charge(3)=6, dmas(3)=22044)

4) Wave frequency - 60 MHZ

5)Center plasma density n,-4.46x 109m =3, np—4.46x10m =3, np_0.446 x10"m >

6) Center plasma temperature 7, = 3.59KeV, Tp = 3.23KeV, Tp = 3.23KeV

7) Wave power 0.683 MWT.

The results of GENRAY calculations for FW launch in D3D are plotted in these
two sets of figures.
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Figure 14.1: FW in D3D. a) Ray trajectory and refractive index and Y_i along the ray.
The poloidal distance is the projection of the ray length on the poloidal cross-section.
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Figure 14.2: FW in D3D b) Wave power along the ray and small radius profiles of
absorbed wave power density and current drive density.
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